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MULTICURVES AND EQUIVARIANT COHOMOLOGY 


N. P. STRICKLAND 


Abstract. Let A be a finite abelian group. We set up an algebraic framework for studying 
A-equivariant complex-orientable cohomology theories in terms of a suitable kind of equivariant 
formal groups. We compute the equivariant cohomology of many spaces in these terms, including 
projective bundles (and associated Gysin maps), Thom spaces, and infinite Grassmannians. 


1. Introduction 

Let A be a finite abelian group. In this paper, we set up an algebraic framework for studying 
A-equivariant complex-orientable cohomology theories in terms of a suitable kind of formal groups. 
In part, this is a geometric reformulation of earlier work of Cole, Greenlees, Kriz and others on 
equivariant formal group laws [3l-f5llT^. However, the theory of divisors, residues and duality for 
multicurves is new, and forms a substantial part of the present paper. Although we focus on the 
finite case, many results can be generalised to compact abelian Lie groups. On the other hand, 
we have evidence that nonabelian groups will need a completely different theory. 

We now briefly recall the nonequivariant theory, using the language of formal schemes. We will 
follow the conventions and terminology developed in [24j . Let E be an even periodic cohomology 
theory, and put S = spec(E°) and C = spf(E°CP“) = lim spec(£’°CP”). Some basic facts are 
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as follows. 

(a) C is a formal group scheme over S. 

(b) If we forget the group structure, then C is isomorphic to the formal affine line as a 
formal scheme over S', in other words, C is a formal curve over S. 

(c) For many interesting spaces X, the formal scheme spf(E°A) has a natural description 

as a functor of C; for example, we have spf(i?°RC/(d)) = = Div)J'(C'), the formal 

scheme of effective divisors of degree d on C. Similar descriptions are known for flU{d), 
CP‘^, BSU, Grassmannians, flag varieties, toric varieties and so on. 

(d) If M is a compact complex manifold then the ring E^M has Poincare duality: there is a 
map 9: E^M E^ such that the pairing (a, b) 6{ab) is perfect. When formulated this 
way, the map 9 is not quite canonical; we need to build in a twist by a certain line bundle 
to cure this. There is a formula for 9 (due to Quillen) in terms of residues of differential 
forms on C. 

Now let U — Ua he a complete A-universe, and let Sa be the category of A-spectra indexed on 
Id (as in M)' Consider an A-equivariant commutative ring spectrum E G that is periodic and 
orientable in a sense to be made precise later. In this context, the right analogue of CP°° is the 
projective space Pld. This has an evident A-action. We put S = spec(E°) and C = spf(E°PW). 
This is again a formal group scheme over S, but it is no longer a formal curve. This appears to 
create difficulties with (c) above, because we no longer have a good hold on /Y^d or a good 
theory of divisors on C. 

Our first task is to define the notion of a formal multicurve over S, and to show that C is an 
example of this notion. Later we will develop an extensive theory of formal multicurves and their 
divisors, and show that many statements about generalized cohomology can be made equivariant 
by replacing curves with multicurves. 
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Example 1.1. The simplest nontrivial example of a formal multicurve is the formal scheme C = 
spf (i?), where R is the completion of Z[a;] at the ideal generated by the polynomial f{x) = — 2x, 

or equivalently R = Z|?/] [a;]/(j;^ — 2x — y). If we consider formal schemes as functors from rings 
to sets, then 

C{A) = {a € A \ f{a) is nilpotent }. 

One can check that R/2 = (Z/2)|a;] but i?/3 ~ (Z/3)|?/] x (Z/3)|?/]. 

Example 1.2. Let A be a finite abelian group as before, let R{A) = Z[A*] be the complex 
representation ring, and put 

/(w) = n ^ R{A)[u]. 

aeA* 

Let i?i be the completion of i?(A)[u] at the ideal generated by /(u), and put Ci = spf(i?i). 
Then Ci is again a formal multicurve. Moreover, it is known that i?i is the equivariant complex 
Lf-theory of PUa, so this is an instance of the topological situation mentioned above. This is a 
theorem of Cole, Greenlees and Kriz, which will be discussed further in Section [TT] 

Remark 1.3. It is not true that every formal multicurve has the form spf(fc[a;]j), but for many 
purposes one can reduce to that special case. This will be discussed further in Section [T51 

1.1. Outline of the paper. 

• In Section [2] we give the most basic definitions about multicurves. 

• In Section [3] we set up a theory of differential forms on multicurves. 

• In Section [4] we discuss the topology and geometry of projective spaces, being careful to 
use explicit and natural methods that transfer automatically to the equivariant setting. 

• In Section [5] we set up the basic theory of equivariantly complex orientable ring spectra, 
and we show that a suitable class of such spectra give rise to equivariant formal groups. 

• A nonequivariant even periodic ring spectrum E gives two different cohomology theories on 
A-spaces, namely the forgetful theory X E^{X) and the Borel theory X E^{XhA)- 
In Section [6] we discuss the (very simple) corresponding ways to convert nonequivariant 
formal groups to equivariant formal groups. 

• In Section [3 we show how suitable algebraic groups give rise to equivariant formal groups, 
and we discuss the relevance to equivariant AT-theory and elliptic cohomology. 

• In Section [8] we introduce a new class of EFGs (those of “product type”) and show that all 
EFGs over fields are in this class. This makes it easy to classify EFGs over algebraically 
closed fields, which leads to a discussion of equivariant Morava if-theories. 

• It is well-known that the category of rational even periodic spectra is contravariantly 
equivalent to that of formal groups over rational rings. In Section!^ we explain and prove 
the corresponding fact for equivariant formal groups. 

• In Section m we introduce another algebraic construction on EFGs. This is used in 
Section [Tl] to construct universal deformations of EFGs over fields, and to relate them to 
equivariant Morava E-theory. 

• Various theorems are known to the effect that E^EG is a completion of (point), for 
suitable groups G and equivariant ring spectra E. The earliest such result is the Atiyah- 
Segal theorem for equivariant AT-theory [2]; for some more recent results, see [10] and the 
papers referenced there. In Section [T2| we prove a theorem of this type, following the 
argument of Greenlees [8] but interpreting everything in terms of EFGs. 

• In Section [T3I we discuss a salutory counterexample. 

• In Section [T4| we return to the algebraic theory of divisors on multicurves. We give two 
different definitions of divisors, and prove the crucial fact that the weaker dehnition is in 
fact equivalent to the stronger one. 

• In Section [T5| we dehne what it means for a multicurve to be embeddable^ and show how 
to reduce various questions to this special case. 

• In Sections [TBl and [T71 we discuss classification of divisors and the isomorphism Div))" (C) = 

Many results are the same as in the nonequivariant case, but the proofs are much 
more technical (and involve the reductions established in Section [T5|l . 


MULTICURVES AND EQUIVARIANT COHOMOLOGY 


3 


• In Section[TH]we study the local structure of the formal scheme Div (C) = showing 

that in a suitable sense it is a formal manifold of dimension d. 

• In Section [19] we give a reorganised proof of a theorem of Cole, Greenlees and Kriz |5] 
showing that the formal scheme associated to the Grassmannian GJJ is precisely Divj" (C). 
This allows us to build a dictionary between vector bundles and divisors, just as in the 
nonequivariant case. 

• In Section 1201 we use and extend these ideas to give an analogue of the Projective Bundle 
Theorem, and descriptions of the cohomology of flag bundles and Grassmann bundles. 

• In Section [21] we develop an algebraic theory for certain kinds of rings with Poincare du¬ 
ality, and apply it to understand residues, Gysin maps and duality for projective bundles. 

• In Section |22| we return to the study of Grassmannians. Greenlees’s definition of equivari- 
ant connective iti-theory [Sj gives canonical equivariant analogues of the spaces Z x BU, 
BU and BSU, and we describe the equivariant cohomology of these. 

• Finally, in Section |22l we show how to construct a Mackey functor from an arbitrary A- 
equivariant formal group C over S, and thus a map from the Burnside ring of A to Os¬ 
in the case where C arises from a ring spectrum, this map will agree with the usual one 
defined using equivariant topology. 

2. Multicurves 

Definition 2.1. Let X = spf(i?) be a formal scheme, and let F be a subscheme of X. We say 
that F is a regular hypersurface if F = spf (i?/J) for some ideal J = Iy ^ R that is a free module 
of rank one over R. Equivalently, there should be a regular element f G R such that the vanishing 
locus V{f) = spf(i?//) is precisely F. 

Let S = spec(fc) be an affine scheme. 

Definition 2.2. A formal multicurve over 5" is a formal scheme C over S such that 

(a) C = spf(i?) for some formal ring R 

(b) There exists a regular element y € R such that for all fc > 0, the ideal Ry^ is open in R, 
and R/y^ is a finitely generated free module over Os, and R = lim R/y^. 

* k 

(c) The diagonal subscheme AcCxsC is a regular hypersurface. 

A generator d for the ideal Ia will be called a difference function for C (because d{a, 6) = 0 iff 
(a, 5) G A iff a = 6). We will choose a difference function d, but as far as possible we will express 
our results in a form independent of this choice. An element y as in (b) will be called a good 
parameter on C. 

Remark 2.3. If S' is a formal scheme, then we can write S = lim Sc for some filtered system of 

-^ Ct 

affine schemes, and formal schemes over S are the same as compatible systems of formal schemes 
over the Sq by [24l Proposition 4.27]. In the rest of this paper, we will generally work over an 
affine base but will silently use this result to transfer definitions and theorems to the case of a 
formal base where necessary. 

The formal affine line = spf(fc|a;]) is a formal multicurve, and the category of formal 
multicurves is closed under disjoint union. Gonversely, condition (c) implies that the module 
^C/S ~ of rank one over R — Oc, so formal multicurves may be thought of as being 

smooth and one-dimensional. Similarly, if y is a good parameter then i? is a finitely generated 
projective module over fc|y], which means that C admits a finite flat map to A^, again indicating 
a one-dimensional situation. If k is an algebraically closed field, we shall see later that every small 
formal multicurve over S' is a finite disjoint union of copies of Ag. 

Remark 2.4. Note that Ia is the kernel of the multiplication map /i: R^R —» R, which is split 
by the map a a G) 1. It follows that I a is topologically generated by elements of the form 
a G 6 — a5 G) 1. We also see by similar arguments that for any ideal J < R, the kernel of the 
multiplication map {R/J) G (R/J) —> i?/J is just the image of I a and thus is generated by d. 
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Construction 2.5. Let C = spf(i?) be a formal scheme over S = spec(fc), and let y € R be 
a good parameter. (We are not assuming that C is a formal multicurve, but we assume that y 
satisfies part (b) of Definition 12.21 ) Choose elements eo,..., e„_i S R whose residue classes give a 
basis for the free module R/y over k. Define elements Ci € R for alH S N by Cnj+k = y^^k- Define 

^ R/y"' by Mr(a) = Define Hoo- Hi” o ^ ^ ^ by Hoo{a) = 

(This is meaningful because R = lim R/y''■) 

* i 

Lemma 2.6. The maps pLr fj^oo are isomorphisms. (In other words, is a topologieal 

basis for R.) 

Proof. Define : ^n”Io ^ x R ^ Rhy y/{a, b) = (^ - aiei) + y''b. As y is a regular element and 
the elements Cq, ..., e„_i form a basis for R/y we see that is an isomorphism, so R = k'' ® R. 
We can substitute this int itself to see that R = © i?; by a slightly more precise version of the 

same argument, we see that is an isomorphism. We can extend this inductively to see that fi/ 
is an isomorphism for all r. We then reduce mod y'' to see that is an isomorphism, and pass 
to the limit to see that is an isomorphism. □ 

Definition 2.7. A formal multicurve group over 5* is a formal multicurve over S with a commu¬ 
tative group structure. 

In the presence of a group structure, axiom (c) can be modified. 

Definition 2.8. Let C be a commutative formal group scheme over S. A coordinate on C is a 
regular element x G Oc whose vanishing locus is the zero-section. Clearly, such an x exists iff the 
zero-section is a regular hypersurface. 

Remark 2.9. If cc is a coordinate, then so is the function x defined by x{a) = x{—a). 

Proposition 2.10. Let C be a formal group scheme over S satisfying axioms (a) and (b) in 
DeRnition \2. 21 Then C is a formal multicurve iff the zero-section S C is a regular hypersurface. 
More precisely, if x is a coordinate on C, then the function d{a,b) = x{b — a) defines a difference 
function, and if d is a difference function, then the function xib) = d{0,b) is a coordinate. 

The proof relies on the following basic lemma. 

Lemma 2.11. Let C be a formal multicurve, and let f: X C be any map of schemes. Then 
the function d'(x,b) = d{f(x),b) on X Xs C is regular in OxxsC- 

Proof. We have a short exact sequence as follows: 

R^R ^ R. 

We regard as a module over R via the map t < © 1. The map y is then i?-linearly split 

by the map t i-^ f © 1, so the sequence remains exact after applying the functor C>x©fi(—)■ The 
resulting sequence is just 

OxxsC OxxsC Ox, 

which proves the lemma. □ 

Corollary 2.12. Let C ^ S be a formal multicurve, and let S dL, C be a section. Then the 
subscheme uS C C is a regular hypersurface, and the ideal Rs is generated by the function 
d'(c) = d{u{q{c)), c), or equivalently 

d' = (C = SxsC dRiL, CxsC ^ A^). 

Proof. Take A = S' in the lemma. □ 

Proof of Provosition \2.1^ First suppose that the zero section is a regular hypersurface, so we can 
choose a coordinate x. It follows easily from axiom (b) that R ~ Os as topological Os- 

modules, so R®R = n^o R R-modules, so l©a: is a regular element in If we regard x as 

a function on C, this says that the function xi: (a, b) x{b) is a regular element of OcxsC, whose 
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vanishing locus is precisely the closed subscheme where 5 = 0. The map s: (a, 5) (a, 5 — a) is an 

automorphism of C Xg C, and s*xi is the function d{a,b) = x{b — a). As s is an automorphism, 
we see that d is regular and its vanishing locus is the subscheme where a = 5, or in other words 
the diagonal. 

The converse is the case u = 0 of Corollary 12.121 □ 

To formulate the definition of an equivariant formal group, we need some basic notions about 
divisors. 

Definition 2.13. A divisor on C is a scheme of the form D = SY>ec{Oc/J), where J is an open 
ideal generated by a single regular element, and Ocj J is a finitely generated projective module 
over Os- Thus I? is a regular hypersurface in C and is finite and very flat over S. Strictly 
speaking, we should refer to such subschemes as effective divisors, but we will have little need for 
more general divisors in this paper. 

If Di = spf(i?/Ji) is a divisor for f = 0,1 then we put Dq + Di := spf(i?/(J qJ i)), which is 
easily seen to be another divisor. 

The degree of D is the rank oi Od over k. Note that this need not be constant, but that S can 
be split as a finite disjoint union of pieces over which D has constant degree. 

If T is a scheme over S, then a divisor on C over T means a divisor on the formal multicurve 
T Xs C over T. 

Note that if D is an effective divisor of degree one, then the projection D ^ S is an isomorphism, 

so the map S — —> D C C is a section of C. Conversely, if m: S' —+ C is a section, then (by 
Corollarv l2.12l) the image uS is a divisor of degree one, which is conventionally denoted by [u]. 

In the case of ordinary formal curves, it is well-known that there is a moduli scheme Div(^ (C) 
for effective divisors of degree d on (7, and that it can be identified with the symmetric power 
Analogous facts are true for multicurves, but much more difficult to prove. We will return 
to this in Section [HI 

Let A be a finite abelian group (with the group operation written additively). We write A* for 
the dual group Hom(A, Q/Z). This gives us a group scheme 

A* xS = S = spec( Y[ Os) 

over S. 

Definition 2.14. Let X = spf(i?) be a formal scheme, and let Y = spf(i?/J) be a closed formal 
subscheme. We say that is a formal neighbourhood oiY if i? is isomorphic to lim R/ J'^ as a 

m 

topological ring, or equivalently X = lim spf(i?/J"*), which essentially means that every point 

- 

in X is infinitesimally close to Y. 

Definition 2.15. An A-equivariant formal group or A-efg over a scheme S' is a formal multicurve 
group C over S, together with a homomorphism (j): A* x S C, such that C is the formal 
neighbourhood of the divisor 

[cfiA*)] := C C. 

aGA* 

Remark 2.16. Choose a coordinate x on C, and put d{a,b) = x{b — a). For any a S A* we 
have a function Xa on C defined by Xa(a) = x(a — </>(a)) = d((f)(a),a). More precisely, Xa is the 
composite 

C = S xsC CxsC c ^ A\ 

The vanishing locus of Xa is the divisor [^f)(a)], so the vanishing locus of the product y := Xa 
is the divisor [(/)(A*)]. We see using Corollary 12.121 that y is a regular element in Oc- The final 
condition in Definition 12.151 savs that y is topologically nilpotent. It is not hard to deduce that y 
is a good parameter on C. 
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Proposition 2.17. Let f he a monie polynomial of degree d > 0 over Os, and let R be the 
eompletion ojOs[x\ at f. Then the scheme C = spf(i?) = lim V{f^) C is a formal multicurve. 

- *k 

Proof. Condition (b) is clear, because {x* | i < dj} is a basis for R/{fl) over Os- Next, observe 
that 

R-OsM[x]/{fix) -y) = Osly\{x" \ i<d], 

SO 

R%R ~ C>s|?/o, 2 /il[a;o,a:i]/(/(xo) - yo,f[xi) - yi) = Oslyo,yil{xlx{ \ i,j < d}. 

It is clear that yi — yo is not a zero-divisor in this ring, and yi — yo = f{xi) — /(xq) which is 
divisible by xi — xq, so xi — xq is also not a zero-divisor. The multiplication map p,: ^ i? is 

surjective, split by the map a: R ^ R^R given by cr(/) = / ® 1. The kernel /a is the same as the 
image of 1 — ap, or in other words the set of functions of the form f{yo, yi, xq, xi) — f{yo, yo, xq, Xq). 
All such functions lie in the ideal generated by (j/i — yo,xi — xq) and xi — xq divides yi — yo so 
IA = (a^i — so (c) holds. □ 

Definition 2.18. We say that a formal multicurve C over S is embeddable if it has the form 
lim V{f^) as above for some monic polynomial /. 

We will see in Section M that any formal multicurve can be made embeddable by a faithfully 
flat base change; this allows us to reduce many questions to the embeddable case. 

Lemma 2.19. Suppose that k = Os is an algebraically closed field, and that C is a formal 
multicurve over S. Then C is a finite disjoint union of copies of A^, and is embeddable. 

Proof. Let y £ i? be a good parameter. Then the ring R := R/y is a finite-dimensional algebra 
over the field k, so it splits as a finite product of local algebras. As R is complete at (y) we can lift 
this splitting to R, which splits C as a disjoint union, say C = Ci 11... 11 One can check that 
each Ci is a formal multicurve. Put Ri = Oci, so R = Ri x ... x Rr. Let yi be the component 
of y in Ri and put Ri = Ri/yi, so R = Ri x ... x Rr. Moreover, Ri is local, with maximal 
ideal trii say. As k is algebraically closed we see that Ri/vai = k. This gives an augmentation 
u*: Ri ^ k, or equivalently a section Ui: S Ci. It follows from Corollary 12.121 that the kernel 
of u* is generated by a single regular element, say Xi. This means that the image of Xi in Ri 
generates mi, so Ri = k (B RiXi. Next, the descending chain of finite-dimensional fc-spaces (x") 
must eventually stabilise, say with (x”) = (x"^^). This means that x" = x"^^y for some y, so 
(1 — Xiy)x" = 0 but 1 — Xiy € Ri\ {xi) = so x" = 0. We can combine this with the fact 
that Ri = k (B RiXi to see that Ri ~ fc[xi]/x™ for some m < n, and thus yi divides x'fi. On the 
other hand, we clearly have u*{yi) = 0 so Xi divides yi. One can now check that the obvious map 
k[xi] Ri extends to give a map k\xi\ Ri which is an isomorphism, so Ci ~ Ag. 

Finally, as k is algebraically closed, it is certainly infinite, so we can choose distinct elements 
Ai,..., Ar £ k say. If we put /(x) = Y\i{^ ~ that the completion of k[x\ at (/) is 

isomorphic to 01=1 thus to Oc- This proves that C is embeddable. □ 

Lemma 2.20. Let k be an algebraically closed field, and let A be a finite-dimensional local k- 
algebra whose maximal ideal is generated by a single element x. Then A = fc[x]/x'" for some 

TO. 

Proof. As A is finite-dimensional the powers of x cannot be linearly independent, so there exists 
a monic polynomial f{t) £ k[t] with /(x) = 0. We can factor this as f{t) = Cg{t) with y(0) 0. 

Now y(x) = y(0) 0 (mod m) so y(x) ^ m so y(x) £ A ^, so x" = 0. □ 

We next explain how to find a topological basis for the ring Oc, when (C, fi) is an A-equivariant 
formal group. Put n = |A| = |A*| and choose an enumeration of the elements of A*, say A* = 
{aO) • ■ ■ j cun-i}. More generally, for z £ N we can write i = nj -B k with 0 < k < n and we define 
ai = ak. We then define Ci £ Oc by 

C{a) = J|x(o - fiiaj)) = W^Xafia). 

i<i j<i 
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Note that e„ is just the good parameter y = HagA* and more generally Cnj+k = y^^k, so Ci —> 0 
in the j/-adic topology on Oc- We can thus define a map fi: OigN by y{t) = 

This also induces a map y,i : 

Proposition 2.21. The maps p-i and p are isomorphisms. 

Proof. We can define a map uq : Os x Oc Oc by vo{t,u) = t + ux, and it follows from the 
definition of a coordinate that this is a bijection. We can twist this by the translation action of 
4>{,ot) to see that the map Vait, u) =t -\- uxa is also a bijection. 

Now define p'p. (Iljx* x Oc ^ Oc by Pi(t,u) = + uci. We see that Mo = 1 

and Mi+i = Mi ° (1 ^ it follows that p[ is an isomorphism for all i. We can reduce mod Ci to 
see that pi is an isomorphism, and then pass to the limit to see that p is an isomorphism. □ 

Remark 2.22. If we knew in advance that Mn was an isomorphism, we could use Lemma |2.61 to 
see that pi is an isomorphism for all i including i = oo. However, that approach does not save us 
any effort, as the proof for Mn is no easier than the proof for pi for all i. 


3. Differential forms 

We next recall some basic ideas about differential forms, and record some formulae that will be 
useful later in our study of residues. 

Given a formal multicurve C over S, we put 

H = Ia/Ia^ 

and call this the module of differential forms on C. 

We also put A 2 = spf(Ocxsc/^A)i regard this as the second-order infinitesimal neigh¬ 
bourhood of A in C Xs C. In these terms, H is the module of functions on A 2 that vanish on 

A. 

Given a difference function d G /a, we let a be the image of d in this generates Q freely as 
a module over Oc, so we can regard 11 as a trivialisable line bundle on C. 

For any function / £ Oc, we write d/ for the image of 1 0 / — / (gi 1 in H, or equivalently the 
function (a, b) 1 —> f{b) — f{a) on A 2 . As usual, we have the Leibniz rule 

d(/5) = fd{g) + gd{f). 

Now suppose that C has a commutative group structure. In particular, this gives a zero-section 
Z C C, and we write Z2 = spec{Oc/Iz) and 

uj = Iz/l'z = { functions on Z 2 that vanish on Z }. 

The map b i-^- (0, b) gives an inclusion Z 2 —> A 2 and thus a map H —> w, which in turn gives an 
isomorphism Tl\z = uj oi line bundles on S. The image of df under this map is the element dg/ 
corresponding to the function b 1 -^ f{b) — /(O) on Z 2 . If a; is a coordinate on C, then dgo; generates 
u! freely as a module over Os. 

Next, for any function / £ Oc we define a function D/ on A 2 by 

(D/)(a,5)=/(6-a)-/(0). 

This construction gives a map D: Oc —^11. If a; is a coordinate then Da; is the restriction of the 
usual difference function d(a, b) = x{b — a) to A 2 , so it is a generator of H. 

It is easy to see that D/ depends only on dg/, and thus that D induces an Os-linear inclusion 
tc —> n, right inverse to the restriction map SI —> llj^ = w. A differential form is said to be 
invariant if it lies in the image of this map. 

By extension of scalars, we obtain an Oc-linear map Oc Z)Os uJ sending / (gi dgg to /Dg. 

In particular, it sends / ig dga; to /Dx, and so is an isomorphism. 
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4. Equivariant projective spaces 

We now start to build a connection between multicurves and A-equivariant topology (where A 
is a finite abelian group). Naturally, this involves the generalised cohomology of the projective 
spaces of representations of A. In this section, we assemble some facts about the homotopy theory 
of such projective spaces. 

For a e A* = Hom(A, Q/Z) we write La for C with A acting by a.z = In particular, 

Lq has trivial action, and La 0 Ljj = La+f}- For any finite-dimensional representation V, we put 

V[a] = {v gV \ av = for all a S A} cs Homyi(LQ,, V) 0 La- 

It is well-known that V = 0^, V[a] and Homc[A](k) W) = Homc(E[a], IF[a]). It follows that 
if there exists an equivariant linear embedding V —> IF, then the space of such embeddings is 
connected, giving a canonical homotopy class of maps PV PW of projective spaces. 

We write U[a] = La 0 C°°, and U = Ua = 0qWH) so W is a complete A-universe. We 
write PU for the projective space associated to U, which has a natural A-action. By the previous 
paragraph, for any finite-dimensional representation V, there is a canonical map PV —> PIA up to 
homotopy. Similarly, the space of equivariant linear isometries lA 0lA U is contractible, which 
gives a canonical homotopy class of maps PU x PU —> PW, making PU an abelian group up to 
equivariant homotopy. We can choose a conjugate-linear equivariant automorphism y: W ^ U, 
and the resulting map PU —> PU is the negation map for our group structure. 

It is well-known that PU is the classifying space for equivariant complex line bundles. More 
precisely, for any A-space X, we write Pic^(X) for the group of isomorphism classes of equivariant 
complex line bundles over X. Let T denote the tautological line bundle over PU, so T G Pic(PW). 
Then for any yl-space X, the construction [/] i-^- [f*T] gives a group isomorphism [X, PU]^ ~ 
PicA(X). Note that we regard T as the universal example; some other treatments in the literature 
use the dual bundle T* = 0(1) instead. 

Note that A acts by scalars on U[a\, and thus acts as the identity on PU[a\ C PU. Moreover, 
the map L ^ La 0 L gives a homeomorphism CP°° = P(C°°) ^ PU\a\. Using this, we have a 
homeomorphism (PU)^ = UQ,PW[a] = A* x CP°°, and thus a bijection tto{{PU)^) = A*, which 
is easily seen to respect the natural group structures. Thus, the group structure on PU gives a 
translation action (up to homotopy) of A* on PU. 

Definition 4.1. We write Ta ■ PU PU for translation by an element a & A*. 

For various purposes we will need to use an Al-fixed basepoint in PU. We have embeddings 
La —> U[a\ —> U, and PLa is an A-fixed point. Any other fixed point lies in the same component 
of {PU)^ as PLa for some a, so it can be replaced by PLa for most purposes. Moreover, the 
map Ta gives a homotopy equivalence of pairs {PU,PLf}) —> {PU, PLa+id). Where not otherwise 
stated, we use PLq as the basepoint. 

Proposition 4.2. Let V, W and X be unitary representations of A, where V and IF have finite 
dimension and X is a colimit of finite-dimensional suhrepresentations. Put U = V 0 W 0 X. 
Then there is a homotopy-commutative diagram as follows, in which the maps marked q are the 
obvious collapses, the maps marked j are the obvious inclusions, and 6 is the diagonal map. 


PU 


PU X PU 


9V@IV 


qvXqw 


PU/P{V © IF) P{V © X)/PV A P(IF © X)IPW PU/PV A PUjPW 


Moreover, if dim{X) = 1 then d is just the standard homeomorphism 

^Hom(A,E©VE) _ ^Hom(X,y) ^ ^Hom(X,IE) 


All maps and homotopies are natural for isometric embeddings ofV, IF and X. 
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Remark 4.3. For any ring spectrum E, the above diagram gives a map 


5*: E*{P{V ® X),PV) ® E*{P{W ® X),PW) E*{PU,P{V ®W)). 

In his unpublished thesis [3] , Cole writes a*b for 5* {a®b). The idea of using this construction 
seems to be original to that thesis; our approach differs only in being somewhat more geometric. 


Proof. Assume for the moment that X is finite-dimensional. We start by defining a map 


7: PU/P{V e IF) PU/PV A PU/PW, 
which will be homotopic to {j A j) o d. For u = {v, w, x) € := U \ {0} we put 


s = s(«) = (||R;||-||u||)/(||i;|| + ||u;|| + ||:r||). 


Note that s{u) G [—1,1], and s{Xu) = s{u) for all A £ C^, and s{u) > 0 iff |j?c|| > ||z)||. We next 
define a, (3: —>■ U hy 


a{v, w, x) 


I3{v, w, x) 


((1 — s)u, sw, x) if s > 0 
{v, 0 , a;) if s < 0 


( 0 , w,x) if s > 0 

{—sv, (1 + s)w, x) if s < 0 . 


Note that q;(Au) = \a{u) and similarly for j3. 

We claim that when rt 7 ^ 0, the line joining u to a{u) never passes through 0 (so in particular 
a{u) ^ 0). Indeed, if s < 0, then the points on the line have the form (u, tw, cc) for 0 < t < 1. Thus, 
the line can only pass through zero if u = a; = 0. The relation s < 0 means that ||w|| < ||i;|| = 0, 
so w = 0 as well, contradicting the assumption that at 7 ^ 0. In the case s > 0, the points on the 
line have the form ((1 — ts)v, (1 — t + ts)w, x). As s > 0 and 0 < t < 1 we have 1 — t + ts > 0. 
For the line to pass through zero we must thus have x = w = 0, and the relation s > 0 means 
that ||a)|| < ||?c|| = 0, again giving a contradiction. Similarly, the line from u to /3 (m) never passes 
through 0 . 

It follows that a and /3 induce self-maps of PU that are homotopic to the identity, so the map 
7 = (a, 0) : PU —> PU X PU is homotopic to the diagonal map 6 . 

Next, note that if m £ F © IF, then for s > 0 we have 7(11) G U x IF, and for s < 0 we have 
7 (m) £ F X [/. It follows that the induced map on projective spaces has 


7 (P(F © W)) C {PU X PW) U (PF X PU), 


so there is an induced map 


7: PU/P{V © IF) PU/PV A PU/PW. 

As 7 is homotopic to 6 , we see that 7 o qv®w — {qv A qw) ° 

To construct the map S, we need a slightly different model. Clearly 

PU \ P(F © IF) = (F X IF X X^)/C^ = (F X IF X S{X))/S\ 

and PU/P{V © IF) is the one-point compactification of this. Similarly, P(F © X)/PV A P(IF © 
X)/PW is the one-point compactification of the space (F x S{X))/S^ x (IF x S{X))/S^. We can 
thus define S by giving a proper map 

F X IF X S{X) F X S'(A) x IF x S{X) 

with appropriate equivariance. The map in question just sends {v,w,x) to (v, x, w, x). 

If X is one-dimensional and (v,x) £ F x S(X) then we have a linear map a: X —> V given 
by a(x) = V, which does not change if we multiply {v,x) by an element of S^. This gives a 
homeomorphism (F x S'(A))/5'^ = IIom(A, F), and thus P(F © A)/PF = 5 'Hom(x,u)^ jg gg^gy 
to see that with this identification, <5 is just the standard homeomorphism 

^Hom(A,UelU) _ ^Hom(X,U) ^Hom(X,lU) 


We now show that (j A j) o <5 ~ 7 . Put 

T = {((?;o, wo,a^o), (iii, wi, Xi)) £ | ||(u;o,a;o)|| = ll('yi,a:i)|| = I}, 
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SO that PU/PV A PU/PW is the one-point compactification of T/{S^ x S^). Define maps 


Ot-.V xW X S{X) T 


for 0 < t < 1 by 


6t{v,w,x) 


{{l — st)v,stw,x) 

II 


, ( 0 , w,a; 

(V, U, X), ||(_st„ja;)|| J 


if s > 0 
if s < 0 , 


where s = (||w;|| — ||r'||)/(||'y|| + HwH + ||x||) as before. (Note that both clauses give 9t{v,w,x) = 
{{v, 0 , a;), ( 0 , w, x)) if s = 0 , so the two clauses are consistent.) 

We claim that the maps 9t are proper. To see this, put 


v{{vo,wo,Xo), (ui,uii,a;i)) = max(||uo||, lki||), 

and Tfe = {t G T I v{t) < k}. Every compact subset of T is contained in some so it will 
be enough to show that 9^^Tk is compact. In the case s > 0 we have 0 < 1 — st < 1 and 
||(stw,a;)|| > ||x|| = 1 so ||((1 - st)i;/||(stu;, a;)||)|| < ||w|| < ||w||, so u{9t{v,w,x)) = \\w\\. Similarly, 
when s < 0 we have v{9t{v,w,x)) = ||w||, so in general iy{9t{v,w,x)) = max(||v||, ||w||). It follows 
immediately that 9t is proper, and we get an induced family of maps 

9t: PU/P{V ®W)-y PU/PV A PUjPW. 

We see from the definitions 9o = {j /\ j) o S and 9i = 7 . The proposition follows easily (for the 
case where X has finite dimension). 

If X has infinite dimension, we apply the above to all finite dimensional subrepresentations of 
X. We see by inspection that all constructions pass to the colimit, so the conclusion is valid for 
X itself. □ 


By an evident inductive extension, we obtain the following: 

Corollary 4.4. Let Li,..., Ld be one-dimensional representations of A, and let X be as above. 
Put Y = 0^ Li and U = Y 0 X. Then there is a homotopy-commutative diagram as follows: 

PU -^^ PU^ 

q 

PU/PY A* P{L^ 0 X)/PL, -^ A* PU/PL, 

6 3 


Moreover, if dim{X) = 1 then 6 is just the standard homeomorphism 


i 


□ 


We mention one more useful special case. 


Corollary 4.5. For any ring spectrum E, the group E*{P{V 0 W),PV) is naturally a module 
over E*PW. 


Proof. Take IT = 0 in Proposition 14.21 to get a map 

6: P{V ®X)/PV ^ {PiV ®X)/PV) APX+, 


and thus a map 


: E°PX 0 E°{P{V 0 X),PV) E°{P{V 0 X), PV). 

If we identify P{V (BX)/PV as the one-point compactification of {V x S{X))/S^ then the formula 
is just (5([u, x\) = ([i;, x], [ai]); this is clearly coassociative and counital, so the corresponding map in 
cohomology gives a module structure. A slight change of notation recovers the stated corollary. □ 


We conclude with some further miscellaneous observations about the space PU. 
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Proposition 4.6. The space PU is equivariantly equivalent to F{EA^,CP°°) (where <C,P°° is the 
usual space with trivial A-action). Equivalently, PU is the second space in the Borel cohomology 
spectrum F{EA+, H), so [X,PU]^ = H^{XhA) for any A-space X. Moreover, the space V,PU is 
equivariantly equivalent to with the trivial action. 

Proof. There is an evident inclusion CP°° = P{U^) [PU)^ — » PU, which is a nonequivariant 

equivalence. It follows that the resulting map F{EA+,CP°°) —> F{EA+,PU) is an equivariant 
equivalence (see Lemma iTTl) . On the other hand, the collapse map EAj^ —> gives a map 
j : PU —> F{EA+, PU) ~ F{EA+,<CP'^). We claim that this is an equivalence. Indeed, if we take 
fixed points for a subgroup Aq < A we get a map Aq x CP°° —> F{{BAq)+, CP°°) of commutative 
iL-spaces. It is clear that 

(A( if fc = 0 

TTk{A*QxCP^) = <Z iffc = 2 

[ 0 otherwise. 

On the other hand, we have 

TTkF{{BAo)+,CP°°) = [J:’^{BAo)+,K{Z,2)]= H^-’^BAq. 

This clearly vanishes for k > 2 and gives Z for k = 2. The short exact sequence Z —> Q —» Q/Z 
gives long exact sequences of cohomology groups, using which we find that FI^BAq = 0 and 
Fl^BAo = Aq. This shows that Trt:F{{BAo)+,CP°°) is abstractly isomorphic to 7r*(Ag x CP°°). 
With a little more work one sees that the isomorphism is induced by j, and the first part of the 
proposition follows. 

We now see that 


npu ~ nF{EA+,CP°°) = F{EA+,nCP°°) = F{EA+,S^). 
As above we find that 

7rk{F{EA+,SY'^) = H^-’^BAq = ^ 

I 0 otherwise. 

It follows that the obvious map —> F{EA.\., S^) is an equivariant equivalence. 


□ 


For the convenience of the reader we record a proof of a standard lemma that was used above. 


Lemma 4.7. If f: X is an A-equivariant based map and a nonequivariant homotopy equiv¬ 
alence, then the induced map F[EA.^.,X) —> F{EA.^.,Y) is an equivariant homotopy equivalence. 

Proof. Let C be the category of those based A-spaces C for which f ^,: F{C,X) F{C,Y) is an 
equivariant equivalence. For any based A-spaces P, Q we have 

[P, F{A+ A Q,X)f = [A+ A P A Q,X]^ = [P A Q, X]. 

Using this and the Yoneda lemma we see that A+AQ G C. Moreover, the category C is closed under 
homotopy pushouts, so it follows by cellular induction that it contains all finite free based A-CW- 
complexes. Moreover, C is closed under telescopes, so one can take a colimit over skeleta to see 
that C contains all free based A-CW-complexes. In particular we have i?A_|_ G C, as required. □ 

Proposition 4.8. Let T be the tautological line bundle over PU, and let S(T'^) be the unit circle 
bundle in the n’th tensor power ofT. Then S{T"‘) is equivariantly equivalent to F{EA+,B{Z/n)). 

Proof. First, we let Z/n act freely on the contractible space S{U) by multiplication by n’th roots of 
unity, so S{U)l{Zfn) is a model for B{Z/n). Given a point v G S{U) we have a line L = Cv G PiU) 
and an element n®" £ L”, giving a point (L,n®") £ S{T'^) that depends only on the Z/n-orbit 
of V. This construction gives a homeomorphism S{U)l{(Lln) —> S{T^), so S'(T"') is also a model 
(nonequivariantly) for B{Zfn). 

We now analyse the equivariant picture. Suppose that {L,u) G S{T'^) is fixed by a subgroup 
Aq < A. We see that Aq acts on L by some character a £ Ag, so Aq acts on u by na, but u is 
fixed so na = 0. Given that na = 0, we see that every point in L” is fixed by Ag. Using this, 
we see that = Ag [n\ X B{Z/n), where AQ[n] denotes the subgroup of points of order n in 
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Aq. Using this, we find that *{BAQ]'Lln), and the claim follows by the same 

method as in the previous proposition. □ 

It is also useful to describe S{IA) as the universal space for a family of subgroups, as in the 
following definition. 

Definition 4.9. Let G be a finite group, and let J- he a. collection of subgroups such that 

(a) 1 & T 

(b) UK <H then K 

(c) li H T and g G G then gHg~^ G T. 

Then ET is the G-space characterised up to unique equivariant homotopy equivalence by the 
following properties: 

(A) [ET]^ is contractible \i H G T 

(B) \eT)^ =%\iU^T. 

We also write ET for the unreduced suspension T,ET, or equivalently the cofibre of the collapse 
map ET+ S°. 

(For the existence and uniqueness of ET, see [7]. Alternatively, uniqueness is straightforward 
by obstruction theory, and we will have concrete models to prove existence in all cases that we 
need.) 

Proposition 4.10. Put T = {B < 5^ x A | i? n = {!}}, which is a family of subgroups of 
X A. Then the unit sphere SifA) is a model for ET, and so PU = {ET)/S^. 

Proof. First, we let C act on S'(G) by multiplication, and let A act in the usual way. 
These actions commute and so give an action of x A. We need only check that S{U) has the 
characterizing property of ET, or in other words that SilA)^ is contractible ior B G T and empty 
ioi B ^ T. li B G T then B C] is trivial so B is the graph of a homomorphism (f: Aq —> for 
some subgroup Aq < A. Put 

V = {v GU \ a.v = 4>[a)~^v for all a G Aq}, 

so S{U)^ = S{V). As G is a complete Ao-universe, we see that V is infinite dimensional, and so 
S{V) is contractible as required. On the other hand, as 5”^ acts freely on S{U), it is clear that 
S{U)^ = 0 whenever B ^ T. □ 


5. Equivariant orientability 

Now let E be a commutative A-equivariant ring spectrum. We next need to formulate suitable 
notions of orientability and periodicity for E, and deduce consequences for the rings E* PV. Our 
results differ from those of [3] only in minor points of technical detail. We start by introducing 
some notation and auxiliary ideas. 

Convention 5.1. All A-spectra are implicitly assumed to be indexed by a complete A-universe. 

Notation 5.2. Given an A-equivariant spectrum X, we write E"(A) for the group [X, TAEY^ of 
equivariant homotopy classes of equivariant maps. In many parts of the literature this is written 
as E\{X), but we omit the subscript to avoid cluttering the notation. If we have a B-spectrum 
Y (for some subgroup B < A) then we will write res;^(E)"(y) or E"(A+ AbY) or \Y, YTE\^ for 
the group that might otherwise be denoted E^lY). For specific choices of E the subscript may 
reappear as part of the name of E. For example, A-equivariant complex AT-theory is represented 
by an A-spectrum called KUa, and we write KU'X{X) for [X,YTKUa\^. 

Similarly, we write 7r„(F;) rather than tt^{E) for the group [S'^,E]^ = E°{S^) = E-^{S°). 
When A is a based A-space we usually write Y°°X (rather than S^A) for the corresponding 
A-equivariant suspension spectrum. 

Notation 5.3. Another potential source of clutter is the distinction between reduced and unre¬ 
duced cohomology groups. When Y is an A-spectrum, we write E*(Y) = \Y, as above. When 
A is an A-space, we write E*{X) for the unreduced groups, so E*{X) = E*{Y'^X). If A has an 
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A-fixed basepoint then we can also define reduced groups E*{X) = £’*(E°°X). Sometimes we will 
use notation that is slightly ambiguous, in that it could refer to a based space or to its suspension 
spectrum. In such cases we will use either a tilde or an explicit to resolve the ambiguity. 

Definition 5.4. Let R be an i?-algebra spectrum, and M a module spectrum over R. We 
say that M is a free i?-module if it is equivalent as an i?-module to a wedge of (unsuspended) 
copies of R, or equivalently, there is a family of elements € 'KqM such that the resulting maps 
0JE”A/i3_i_, R] —» [E"^/i?+, M] are isomorphisms for all n S Z and all B < A. We say that such 
elements are universal generators for for ttqM over ttqR. We will often leave the identification of 
R and M implicit. For example, if we say that an element e is a universal generator for E^{X, Y) 
over E'^X, we are referring to the case R = E{X+, E) and M = F{X/Y, E). 

Definition 5.5. Let E an ^-equivariant ring spectrum, and consider a class x € E^{PU,PLq). 
For any a S A* we can embed La © Lq in lA, and thus restrict x to get a class ul^ & E°{P{La © 
Lq), PLq) = E^S^‘^. This in turn gives an i?-module map TOq, : Y,^‘^E —» E. 

We say that a; is a complex eoordinate for E if for all a the map TOq, is an equivalence, or 
equivalently ul„ generates E“'^“i? as an i?-module. We say that E is periodically orientable 
if it admits such a coordinate. We say that E is evenly orientable if in addition, the group 
Tvf E = [YA/E]^ = E~^{A/B) vanishes for all B < A. 

From now on, we assume that E is periodically orientable. We choose a complex coordinate x, 
but as far as possible we state our results in a form independent of this choice. We write x = x*a:, 
where y: PU PU is the negation map for the group structure. It is easy to see that this is 
again a coordinate. 

Recall that for any line bundle L over X, there is an essentially unique map /l'-X—^ PU with 
f*T ~ L (where T is the tautological bundle over PU). We define the Euler class of L by 

e{L) = fl.ix) = fUx). 

Thus, the element x G E^PU is the Euler class of T*, and x is the Euler class of T. 

Remark 5.6. There is some inconsistency in the literature about whether e(L) should be fl{x) 
or f^ix). The convention adopted here is the opposite of that used in [24], but I believe that it is 
more common in other work and has some technical advantages. The conventions used elsewhere 
in this paper are fixed by the following requirements. 

(a) We have e{V ®W) = e(V)e(W). 

(b) The Euler class of V is the restriction of the Thom class in E^X^ to the zero section 
X C 

Our substitute for the nonequivariant theory of Chern classes will be more abstract, so we will 
not need sign conventions. The role normally played by the Chern polynomial X]i+j=dim(u) 
will be played by a certain element /y; if A = 0 and V = 0, Li then /y = ni(* +e 

Next note that we can define 

Xa —TlaX G E°{PU,PLa). 

(Here Tq, is the translation map as in Definition 14.11 ) Because 

{T*_aT)* = {L_a © T)* =La®T* = Hom(T, La), 

we have Xa = e(Hom(r, Lq,)). If L is a one-dimensional representation isomorphic to Lq, we also 
use the notation xl for Xa- We can identify E'^[P{Lf) © La),PLa) with and we find 

that Xa restricts to ug-a, which is a universal generator. 

Now consider a finite-dimensional representation V of A. We have a canonical homotopy class of 
embeddings PV —> PU, and thus a well-defined group E°{PU, PV). We can write V as 0)^^ Li, 
and Corollary 14.41 gives a map 


PU/PV ^ f\PU/PLi 
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compatible with the diagonal. Using this, we can pull back f\ ... f\ to get a class xy G 
E°{PU, PV) that maps to Y\^Xai in E^PU. Note that for any representation W containing V we 
can choose an embedding W -^U and pull back xy along the resulting map PW PU to get a 
class in E^{PW, PV), which we again denote by xy. 

Lemma 5.7. Let V < W be complex representations of A, with dim(lU/U) = 1. Then xy is a 
universal generator for E^(PW, PV). 

Proof. Write V = Li 0 ... © as before, and X = W QV, so W = V (B X and PW/PV = 
S'Hom(A,v) _ ^Hom(x,Li)^ Because a; is a complex coordinate, we know that xl. G E°{PW, PLi) 
restricts to a universal generator Vi of 5 'Hom(A,Li)^ fj-om Corollarv l4.4l that a;y = Vi G 

£; 0 gHom(x,v) _ E^{PW, PV), and this is easily seen to be a universal generator. □ 

Corollary 5.8. Let 0 = Uq < Ui < ... < Ud = U be representations of A with dim({7i) = i. Then 

{xir- \ i < d} is a universal basis for E^PU over E°. 

Proof. This follows by an evident induction from the lemma. □ 

Remark 5.9. As x is another coordinate, it gives rise to another universal basis {xjji \ i < d} for 
E^PU, which is sometimes more convenient. 

We record separately some easy consequences that are independent of the choice of flag {Ui}: 

Proposition 5.10. Let U be a d-dimensional representation of A. Then 

(a) F{PU+, E) is a free module of rank d over E. 

(b) IfU = V(BW then the restriction map F[PLf+,E) —> F{PV+,E) is split surjective. The 

kernel is a free module of rank one over F{PWy, E), generated by xy. □ 

We now put S = spec(if°) and R = E^PU and C = spf(i?). We must show that C is an 

equivariant formal group over S. 

We first exhibit a topological basis for R. This will be essentially the same as in ProDOsition l2.21l 
but we cannot appeal to that result because we do not yet know that we have a multicurve. We 
can list the elements of A* as 

A* = {oq = 0, Oi, . . . , Ora-l} 

(where n = |A|), and then define ak for all fc > 0 by ani+j = cxj. We then have an evident 
filtration 

0 = Uo < Ui < Ua < • • • < ^^ = lim Vfe 

k 

where 14 = Laj- If we put ek = xy^. we find that {d | 0 < i < /c} is a universal basis for 

E^PVk, and it follows by an evident limiting argument that {ci \ i > 0} is a universal topological 
basis for E^PU, giving an isomorphism F{PU+, E) = E. If we put y = a;c[A] = xy^ = Cn, it 
is easy to see that Cni+j = and it follows that E^PU is a free module over with basis 

{ci \ i < n}. Thus, conditions (a) and (b) in Definition 12.21 are satisfied. 

Next, we have 

F{PUl,E) = F{PU+, F{PU+, E)) = F{PU+, H ^) = 11 

3 ^,3 

By working through the definitions, we deduce that the elements form a universal topological 

basis for E°{PU x PU), so E°{PU x PU) = R§)R, so spt{E°{PU x PU)) =C xgC. As PU is 
a commutative group up to equivariant homotopy, we now see that C is a commutative formal 
group scheme over S. 

Now note that ei is just the coordinate x, and this divides Ck for all /c > 0. In particular it 
divides y, which is a regular element in R, so x is also a regular element. It is also now easy to 
see X generates the ideal E°{PU, PLf), which is just the augmentation ideal in the Hopf algebra 
R, so the vanishing locus of x is the zero-section in C. Thus a: is a coordinate on C, showing (via 
Proposition 12.lOp that C is in fact a formal multicurve group. 
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Next, recall that = A*, which gives a map A* —> PU of groups up to homotopy, and 

thus a map cj): A* x S C of formal group schemes over S. By working through the definitions, 
we see that the image of the section (j){a) is the closed subscheme spec{E^PLa) = spec(i?/xa), so 
the divisor D := is 

spec(i?/ ]^a;ct) = spec{R/y) = E°PC[A]. 

a. 

As y is topologically nilpotent, we see that any function on C that vanishes on D is topologically 
nilpotent, so C is a formal neighbourhood of D. We have thus proved the following result: 

Theorem 5.11. Let E be a periodically orientable A-equivariant ring spectrum. Then the scheme 
C := spi{E'^PU) is an A-equivariant formal group over S := spec(i?°). □ 

Remark 5.12. We have Jq = {/ £ Oc I /(O) = 0} = E°{PU, PC), and thus = E°{PU, P{C © 
C)), and thus 

CO = /o//2 = E°{P{C © C), PC) = E°S'^ = TT2E. 

It will be helpful to record the naturality properties of the above construction. 

Definition 5.13. We write POa for the category whose objects are periodically orientable A- 
equivariant ring spectra, and whose morphisms are homotopy classes of A-equivariant ring maps. 
We also write £Oa for the evenly orientable subcategory. 

Next, we write Ga for the category of triples {S, C, (j)), where S is an affine scheme and (C, (f) 
is an A-EFG over S. The morphisms from {S, C, 4>) to {S', C, (f)') are the pairs (/, /) where 

• / is a map S ^ S' of schemes; 

• / is an isomorphism C —> f*C' of formal group schemes over S'; 

• </>' = / o^- 

The construction E i—» (spec(P°), spf(P° (PZ^a)), <{>) then defines a contravariant functor T: VO a 
Ga- 


6. Simple examples 

Let C be a nonequivariant formal group over a scheme S, so C is the formal neighbourhood 
of its zero section. For any finite abelian group A, we can of course let <)): A* x S —> (7 be the 
zero map, and this gives us an A-equivariant formal group. More generally, any homomorphism 
A* X S C will give an A-efg, although often there will not be any homomorphisms other than 
zero. 

Now suppose that C is the formal group associated to a nonequivariant even periodic ring 
spectrum E. We then have an A-equivariant ring spectrum E = P(A_|_, E) (which the Wirthmiiller 
isomorphism also identifies with A+ A E). This satisfies E*X = E* res(X), where res: Sa — > >5o is 
the restriction functor. It follows easily that E is periodically orientable, and that the associated 
equivariant formal group is just C, equipped with the zero map (f>: A* x S C as above. 

For a slightly more subtle construction, suppose we allow 5" to be a formal scheme, and assume 
that some prime p is topologically nilpotent in Os- Suppose also that the formal group C has 
finite height n. Put S' = Hom(A*,C'); it is well-known that Os' is a free module of rank |A(p)|"’ 
over Os, so S' is finite and flat over S. By definition. S' is the universal example of a formal 
scheme T over S equipped with a homomorphism from A* to the group of maps T C of formal 
schemes over S, or equivalently the group of sections of T X 5 C over T. If we put C = S' Xs C, 
there is thus a tautological map if: A* x S' —> C. Here C is an ordinary formal group over S' 
and thus is the formal neighbourhood of its zero section. It follows that (C", if) is automatically 
an A-equivariant formal group over S'. 

Now suppose we have a K{n)-loca\ even periodic ring spectrum E. We give the ring ttqE 
the natural topology as in Section 11] — in most cases of interest, this is the same as the 
/ji-adic topology. We then put S = spf( 7 roi 7 ) and C = spf(i?°CP°°), which gives an ordinary 
formal group of height n over S. Let EA denote a contractible space with free A-action, and put 
E = E{EAj,., E). This is a commutative A-equivariant ring spectrum, with E*X = E*XhA, where 
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XhA denotes the homotopy orbit space or Borel construction. In particular, we have (point) = 
E'^BA. a character a G A* gives a map spf((Ba)*): spi{E^BA) C, and by letting a vary we 
get a map spf(i?°i3A) ^ Hom(A*, C). By reduction to the cyclic case one can check that this is 
an isomorphism; see El Proposition 5.12] for details. 

Next, observe that we have an A-equivariant inclusion PW[0] ^ PIA, which is nonequivariantly a 
homotopy equivalence, so the map EAxPU[Q] —> EAxPU is an equivariant homotopy equivalence. 
It follows that E*PU = E*PU[Q] = E*{BA x CP°°) = E*BA 0^. E*CP°°, and thus that 
spi{E^PU) = Hom(A*, C) Xs C. This shows that the equivariant formal group associated to E is 
just the pullback C' = S' x s C as discussed above. 

7. Formal groups from algebraic groups 

We now show how to pass from algebraic groups (in particular, elliptic curves or the multiplica¬ 
tive group) to equivariant formal groups. 

7.1. The multiplicative group. Let S = spec(fc) be a scheme, and consider the group scheme 

Gm X S = spec(fc[M, M“^]) over S. Suppose we are given a homomorphism (p from A* x S' to Gm x S 
of group schemes over S, or equivalently a homomorphism A* —> of abstract groups. We 

can then form the divisor 

D = = spec(fc['u=^^]/y), 

O' 

where y = n«(i — u/4>{a)). It is convenient to observe that u is invertible in k[ii\/y and thus in 
for all m, so D can also be described as spec(fc[M]/j/). We then dehne C to be the formal 
neighbourhood of D in Gm x S, so 

C = lim spec(fc[M]/y'") = spf(fc[it]y), 

m 

which is an embeddable formal multicurve. It is easy to see that this is a subgroup of Gm x S and 
is an equivariant formal group, with coordinate x = \ — u. 

The universal example of a ring with a map A* is k = Z[A*], which can be identihed with 

the representation ring R{A). Thus, the universal example of a scheme S with a map A* x S 
Gm X S as above is S' = Hom(A*, Gm) = spec(i?(A)). We can apply the above construction in this 
tautological case to get an equivariant formal group C over Hom(A*,Gm)- Explicitly, if we let 
Va G Z[A*] be the basis element corresponding to a G A* and put y = na(l ~ uv-a) G Z[A*][u], 
then C = spf(Z[A*][u]y). 

Theorem 7.1 (Cole-Greenlees-Kriz). The A-efg associated to the equivariant complex K-theory 
spectrum Ka is isomorphic to the A-efg C over Hom(A*,Gm) constructed above. 

Proof. This is just a geometric restatement of [H Section 6]. It is proved by identifying K\PU 
with K\^giEpj^ (where .7^ = {i? < A x S^ | i? n S^ = {!}} as in Proposition 14. lOp and applying 
a suitable completion theorem. □ 

7.2. Elliptic curves. We now carry out the same program with the multiplicative group replaced 
by an elliptic curve (with some technical conditions assumed for simplicity). The resulting equi¬ 
variant formal groups should be associated to equivariant versions of elliptic cohomology. See 
Definition O and subsequent comments for more detail. 

Suppose that we are given a ring k and an element A G fc, and that 2, A and 1 — A are invertible 
in k. Let C be the elliptic curve given by the homogeneous cubic y^ = x(x — z){x — \z), so the zero 
element is O = [0 : 1 : 0], and the points P := [0 : 0 : 1], Q := [1 : 0 : 1] and i? := [A : 0 : 1] are the 
three points of exact order two in C. Define rational functions t and r on C by t([a; : y : z]) = x/y 
and r{[x : y : z]) = zfy. One checks that the subscheme U = C\ {P, Q, R} is the affine curve with 
equation r = t{t — r)(t — Ar), and that on U, the function t has a simple zero at O and no other 
poles or zeros. 

Now let A be an abelian group of odd order n, and let A* x S' —> C be a homomorphism. 
Define V = na(^ + </*(“))) which is an affine open subscheme of U. 
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Lemma 7.2. For each (3 S A*, the section </'(/?): S C actually lands in V. 

Proof. We first show that for all 7 e tI*, the section lands in U. Put D = [P] + [Q] + [R], 
so U = C\D. Let T be the closed subscheme of points s G S' where G D; we must show 

that T = 0. As n is odd and D is the divisor of points of exact order 2, we see that multiplication 
by n is the identity on D, but of course n.(j){a) = O. We conclude that over T we have O £ D. 
As 2 is invertible in k we know that O and D are disjoint, so T = 0 as required. 

We now apply this to 7 = /3 — a to deduce that (j){(3) £ U + This holds for all a, so 

^{/3) G y as claimed. □ 

We now define C to be the formal neighbourhood of the divisor D = X]a[‘^('^)] 
s{a) = Ha t{a — (j){a)) then s £ Oy and the vanishing locus of s is just D, so we have Oc = (Ou)s • 
Using this, we see that C is an equivariant formal group, with coordinate t and good parameter s. 

Now suppose instead that we are given a curve C over S as above, but not the map <j)-. A* x S 
C. We can then consider the scheme Si = Hom(A*,C'), which is easily seen to be a closed 
subscheme of Map(A*, U) and thus affine. We can thus pull back C to get a curve Ci over Ai 
equipped with a tautological map (f: A* x Si Ci, and we can carry out the previous construction 
to get an equivariant formal group Ci over Si. 

Definition 7.3. An A-equivariant elliptic spectrum consists of an evenly orientable equivariant 
ring spectrum E together with an elliptic curve C over an affine scheme S and a compatible system 
of isomorphisms spec(i?°(A/i?)) = Hom(i3*,C') and SY>i{E'^ PUa) = C (where C is constructed 
from C as above). 

We will not take the trouble to make this definition more precise, as we will not use it very 
seriously. 

In Section [9] we will construct equivariant elliptic spectra associated to elliptic curves over 
Q-algebras, as a simple application of the general theory of rational A-spectra. 

Elsewhere we have obtained partial results about the existence of integral equivariant elliptic 
spectra. These have unsatisfactory indeterminacy and awkward technical hypotheses, but nonethe¬ 
less they are sufficient to make it clear that Definition 17.31 is the right one. Much better results 
(relying on a far-reaching theory of equivariant E^o ring spectra and derived algebraic geometry) 
have been announced by Jacob Lurie, but details have yet to appear. 

8. Equivariant formal groups of product type 

A simple class of A-EFGs can be constructed as follows. 

Definition 8.1. Let C be an ordinary, nonequivariant formal group, and let i? be a subgroup of 
A. We then have a formal multicurve C := B* x C and a homomorphism 

(j):= (A* ^ B* ^ B* xC = C), 

giving an A-efg. Equivariant formal groups of this kind are said to be of product type. We call B 
the core of (C, S', (f). 

We will show that EFGs over fields are of product type, and EFGs over Q-algebras are locally of 
product type. Moreover, we will introduce equivariant analogues of the Morava iL-theory spectra, 
and show that the associated EFGs are of product type. 

Proposition 8.2. An A-efg (C, 4>) is of product type iff for every character a £ A* with (fi{a) 0 
inC (or equivalently, x{4>{a)) 0 in Os), the element x(0(a)) is invertible in Os- (This is easily 

seen to be independent of the choice of coordinate.) 

Proof. First suppose that for all a with 4>{a) 0, the element x{(j){a)) is invertible. The kernel 

of is a subgroup of A*, so it necessarily has the form ann(i?) for some B < A, so (p factors as 

A* B* ^ C for some ip. By assumption, x{ip{l3)) is invertible for all (3 £ B* \ {0}. 

Let C = {a G C I x[a) is nilpotent } be the formal neighbourhood of 0 in C, and define 
a ■. B* X C C hy a{(3,a) = '0(/3) -I- a. We need to show that a is an isomorphism. For this, we 
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define a:^(a) = x{a — ip{j3)) and y = O/Jgb* R = Oc- From the definition of an equivariant 

formal group, we know that R = , and it is clear that 

0 

It will thus suffice to show that the natural map 

_, I I dA 

1 i 

0 

is an isomorphism. This will follow from the Chinese Remainder Theorem if we can check that 
the ideal {xf}{a),x-y{a)) contains 1 whenever /3 j. This is clear because modulo that ideal, we 
have tpiP) = a = so — 7 ) = 0, so x{ip{f3 — 7 )) = 0, but x{ip{f3 — 7 )) is invertible by 

assumption. Thus, C is of product type, as claimed. 

Conversely, suppose that C is of product type. The vanishing locus of x is contained in {0} x C, 
so X must be invertible on {B* \ {0}) x C. It follows immediately that when (/)(a) 7 ^ 0 we have 
4>{a) e {B* \ {0}) X C and so x{(j){a)) is invertible, as required. □ 

Corollary 8.3. Every A-equivariant formal group over a field is of product type. 

Proof. This is immediate from the proposition. □ 

We next show how groups of product type occur in topology. For this we need to use the 
geometric fixed point functors : Sa —> Sq for B < A. These preserve smash products and 
satisfy T,°°X = for based ^-spaces X. (The definition and further properties of these 

functors will be recalled in Section [IS) 

Theorem 8.4. Let K be a nonequivariant even periodic cohomology theory, with associated formal 
group C over S, and let B be a subgroup of A. Define a cohomology theory K* on Sa by K*X = 
K*(j) X. Then K is evenly orientable, and the associated equivariant formal group is just B* x C 
over S. 

Proof. Note that for any virtual complex representation V, and that 0 T,°°X = 

Tj°°X^ for any based A-space X. It follows that ttiK = -kiK = 0 and that the periodicity 
isomorphism F{S^^, K) = K gives an isomorphism 

K*{X+ A S^)= K*{X^ A = K*X^ = K*X+ 

of modules over K*X+. This implies that K is evenly periodic, with iF°(point) = i4'°(point) and 
thus spec(Rr°(point)) is the base scheme S for C. We also have 

K°PU = K°{PU)^ = K*{B* X CP“) = 

so the equivariant formal group associated to K is just B* x C as claimed. □ 

Example 8.5. Let K = K{p,n) be the two-periodic version of Morava iF-theory at a prime p, 
with height n. We define an equivariant theory K = K{p, n, B) as above; this is called equivariant 
Morava K-theory. In |25j we present evidence that these theories deserve this name, because 
they play the expected role in equivariant analogues of the Hopkins-Devinatz-Smith nilpotence 
theorems, among other things. The same paper also explains the representing object for the theory 
K, and shows that we have natural isomorphisms as follows: 

KfiX AY) = KfiX) KfiY) 

= Homx.(^*^,^*)- 

We now give a slight generalisation. 

Definition 8.6. We say that (C, S, 0) is locally of product type if there is a splitting S = IJb<a 
such that the restricted group Cb = C Xs Sb is of product type with core B. 
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Definition 8.7. Let i? be a ring, and r and element of R. We say that r is split if there is an 

idempotent e G i? with Rr = Re, or equivalently there is a splitting R = Rq x Ri with respect to 

which r G {0} x R^. 

Definition 8.8. Let (C, S, 4>) be an ri-equivariant formal group, and let a: be a coordinate on C. 
For each B < A we put 

Ib = {x{(j>{a)) I a G ann(_B) < A*) < Os- 

We also put = spec{Os/lB), which can be described more invariantly as the largest closed 

subscheme T C S over which (p: A* x T C Xs T factors through B* x T. 

Proposition 8.9. Let (C,S,(j),x) be as above. Then the following are equivalent: 

(a) C is locally of product type. 

(b) For each B < A, the subscheme ^[-B] C S is open as well as closed. 

(c) For each a G A* the element ea = x{—4>{a)) G Os is split. 

Proof. First suppose that (a) holds, giving a decomposition S = Sb- It follows that each Sb 
is open and closed, and S'[B] = Wb'sb which proves (b). 

Next, suppose that (b) holds. For a G A* one checks that «S'[ker(a)] is just the largest closed 

subscheme of S where (j){a) vanishes, or equivalently where Cq, vanishes. As this is open as well as 

closed, it is the vanishing locus of an idempotent, say fa- It follows that Cq, and fa generate the 
same ideal, so Cq, is split. This proves (c). 

Finally, suppose that (c) holds. This means that for each a we can split S as Ea Ft Fa with Cq, 
invertible on Ea and zero on Ea- Next, for any subset U G A* we put 

Fu = Pi Bq, n P Bq,. 

OL^U a^U 

We find that Fjj is both open and closed in S, and that S is the disjoint union of all the sets Fjj. 

Now suppose that U is not a subgroup of A*, so there must exist a,P gU with 'y = a + (3 ^ U. 
Then we have Fu C Fa P F/s D E.y. This means that over Fu C S we have x{(j){a)) = x{(j){P)) = 0 
but is invertible. As a; is a coordinate we have (j){a) = (j){(3) = 0, which implies ^(y) = 0, 

so x{(j}{'y)) is zero as well as invertible. It follows that Fu is the empty scheme. 

Suppose instead that U is a subgroup of A*, so U = ann(B) for some subgroup B < A. We 
then define Sb to he Fu, and observe that S = Ub Sb, and that the restriction Cb = C xs Sb 
is of product type with core B. This proves (a). □ 

9. EQUIVARIANT formal GROUPS OVER RATIONAL RINGS 

We next prove an equivariant analogue of the well-known fact that all formal groups over a 
Q-algebra are additive. We write Ga for the ordinary additive formal group over S. If we consider 
formal schemes over S as functors in the usual way, this sends an Os-algebra R to the set Nil(i?) 
of nilpotents in R. Given a free module L of rank one over Os (or equivalently, a trivialisable 
line bundle over S), we can instead consider the functor R^ L G)Os Nil(i?), which we denote by 
L (g) Ga- This gives a formal group over S, noncanonically isomorphic to Ga- If C is a formal 
multicurve group over S, then the cotangent spaces to the fibres give a trivialisable line bundle 
UJC on S. This is easily seen to be the same as ujq, where C is the formal neighbourhood of zero, 
as usual. From now on we just write uj for this module. If S lies over spec(Q) then the theory of 
logarithms for ordinary formal groups gives a canonical isomorphism G —» ® Ga- 

Theorem 9.1. Let {C, (p) be an A-equivariant formal group over a scheme S, such that the integer 
n = |A| is invertible in Os- Then C is of local product type. Moreover, if Os is a Q-algebra then 
C ~ (g) Ga and so 

xsB* X 

Proof. Put n = |A|, and choose a coordinate x on C. For formal reasons we have x{a b) = 
x(a) -h x(b) (mod x{a)x(h)) as functions on C^, and it follows that x{na) = Vn{a)x{a) for some 
function Vn on C with Vn(0} = n. (These functions will be studied in greater detail in Section [221) 
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Put Q = Oc/{x.Vn), SO spf((5) is just the closed subscheme C[n] of points of order n in C. In 
Q we have = 0, and for any function / G Oc we have / — /(O) G (x) so f.Vn = /(0).u„. In 
particular, we can take f = Vn to see that v'^ = nvn, so the function u = 1 — u„/n is idempotent 
in Q. We have u(0) = 0 so u G Qx, but also u„x = 0 so wx = x so x G Qu. For any a G A* we 
know that n(j){a) = 0 so S C[n], and we find that x{(j){a)) generates the same ideal in 

Os as so x{(j){a)) is split (in the sense of Definition 18.7p . It follows by Proposition 18.91 

that C is of local product type. 

The rational statement now follows from the nonequivariant theory. □ 

The following slight extension can easily be proved in the same way. 

Proposition 9.2. Let be an A-equivariant formal group over a scheme S, such that Os is 

an algebra over Z(p). There is of course a unique splitting A = AqX Ai, where Aq is a p-group and 
p does not divide |gIi|. LetCo C be the formal neighbourhood of [(j)(AQ)], and let(j)o: Aq —* Cq be 
the restriction of cf. Then there is a canonical decomposition S — Ob<Ai xnd a corresponding 
deeomposition 

xsCoxB\ 

such that over Sb, the map </> is the product of (f>o and the restriction map A^ —>■ B*. □ 

We would like to understand how the splitting in Theorem 19. II works out when the equivariant 
formal group comes from a ring spectrum. For simplicity we will treat only the rational case, 
although many parts of our analysis can also be made to work assuming only that |A| is invertible. 
We start by recalling an algebraic description of the category Q5 a of rational A-spectra. Let 
V*[A] denote the category of graded modules over the group ring Q[A]. It X G QiSa and B < A 
then the nonequivariant spectrum cj) (X) has a homotopical action of the Weyl group A/B, so 
(X)) G V^[A/B]. Put Aa = define d>: Q5 a ^ Aa by 

<t>{X)B = 7r40^(W)). 

We can make A a into a symmetric monoidal category by the rule (M N)b = Mb 0 Nb ■ For 
nonequivariant rational spectra X and Y we have 

TT^X AY) = H^X AY;Q) ^ (X;Q)0 (P; Q) = tt^X) 0 tt* (P) . 

Using this, we we that $ takes smash products to tensor products. 

Theorem 9.3. The funetor $: A is an equivalence. 

As far as we know, the literature only contains a rather indirect proof of this fact, going via 
the theory of Mackey functors. Here we give a slightly more direct argument. 

Proof. All spectra in this proof are implicitly rationalised; we will not indicate this explicitly in 
the notation. 

We have a natural map 

$xy: Q5 a(X, P)* ^ $(U))*, 

which we claim is an isomorphism. 

Using Maaschke’s theorem we see that all objects in A are both injective and projective. It is 
also clear that d) preserves all coproducts. It follows that both QiSa(X, P)* and A(d)(X), <i>(P))* 
are cohomology theories of X. If X is finite then they are also homology theories in P. We can 
thus reduce easily to the case where X and P are both finite. 

Now let DY be the Spanier-Whitehead dual of P. The duality between P and DY is encoded 
by the unit map rj: S ^ DY A Y and the counit e: P A DY —> S, which make the following 
diagrams commute: 

r?Al lAr) 

DY -^ DY AY A DY Y -^ Y A DY AY 



DY Y 
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We can apply to this to get a perfect duality between d)(y) and ^{DY), which in turn gives a 
commutative square 

^Sa{X, Y) - <^{Y)) 


QSAiX A DY, S°) ---^ AAi^iX A DY), $(5°)). 

^xady,s^ 

Using this we reduce to the case Y = S'^. We can then reduce further by cellular induction to the 
case X = A/B+. Here S'°)o is the Burnside ring of B, which we will call ^1{B). Using 

the tom Dieck splitting = \JB{B/C)+ we also see that QBa^A/B+, S°)n = 

Q) = 0 for n 7 ^ 0. We also find that $(S'°)) = nc<B 

map ^A/B+,s'> is just the usual fixed-point map, which is well-known to be an isomorphism. 

We now know that the functor $ is full and faithful. As Q5 a has all coproducts, and split¬ 
tings for idempotents, we see that the essential image of $ is closed under coproducts and re¬ 
tracts. Moreover, all monomorphisms and epimorphisms in Aa are split, so image($) is closed 
under taking subobjects and quotient objects. If M G Aa and m G Ms.d then there is a map 
fm ■ ^ M sending an evident generator to m. By taking a large direct sum of maps 

like this, we can express M as a quotient of an object in the image of $. It follows that d) is 
essentially surjective, as claimed. □ 

Remark 9.4. The group Y'^X = [X,Y]-rn = AA(d>(A), can also be described as 

Remark 9.5. The action of A/B on 7r*((/)^(A)) plays a central role here, so it is useful to know 
when this action is trivial. Choose an embedding of A in a torus T, and suppose that X arises by 
applying the restriction functor res^ to a T-spectrum which we also call X. Then the action map 

A/B (X), (j)^(X)] factors through iroiT/B) = 1, so A/B acts trivially on all homotopical 

invariants of (j) (X). 

In particular, elementary character theory tells us that any complex representation U of A 
admits a compatible T-action, so the above remarks apply to all spaces constructed functorially 
from V such as the projective space PV, the sphere S{V) and so on. 

Proposition 9.6. Let E be an evenly orientable rational A-spectrum, let (C, S', (/) he the corre¬ 
sponding formal group, and let Sb Q S be as in Theorem \9.1[ Put js = X) and ks = 

and oj = TT 2 E. Then Sb = spec(fcB), and for all X we have 

E^{X)= 

B<AdeI 

Proof. Using Theorem 19.31 and Remark 19.41 we have 
E^iX) 

B i 

We now take m = 1 and X = {A/B')+. As E is evenly periodic, the left hand side vanishes. On 
the right, the factor where B = B' is 

this must therefore vanish as well. As E is periodically orientable we find that 71 ^+ 2 ((/)^ (A)) cb. 

TTi{(j) (E)) (^Eo It follows that 7r2i(^ {E)) = Jb and 'T 2 i+i(^ (A)) = 0. Using this we 

get 

E"^iX)= [] 

B<Ad& 
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as claimed. We apply this to the spectrum X = 'E’^PU, noting that the action of A/B on 
{X) = X <CP°°) is homotopically trivial by Remark [931 This gives 


E°PU = WY\ Map(B*, 


/)) 


B d 


and thus 


C ~ R* X spec(fcB) X Ga- 


B 


We also find that the map (j): A* x S ^ C is given over spec(/cB) by the restriction A* 
the obvious inclusion B* ^ B* x Ga, so Sb = spec(fcs). 


B* and 
□ 


Construction 9.7. Let (G,S,(j)) be an A-EFG as in Theorem 19.11 Put ks = Osb, which is a 
Q-algebra. Let oj be the cotangent space to C at zero, and put ojb = w|sb, which is a free module 
of rank one over ks- Define a multiplicative cohomology theory E* on A-spectra by 




B d 

(Here we use the trivial action of A/B on uj^, so the action on the cohomology group comes 

solely from the action on (j)^{X).) Write E = X{G,S,4>) for the spectrum that represents this 
cohomology theory. 

Proposition 9.8. A{G,S,(j)) is evenly orientable, with T A{G, S , (/) ~ {G,S,(j)). 

Proof. Put E = A(C, S, (f). From the definitions we have kB)^^^ = Ob = Os 

and 




E°PU = Y[Y[h'^‘^{B* xCP^livi) ^Y[Y[ n 

B d B d j3^B* 

Choose a generator u of oj, and let y be the standard generator of H^{CP°°). Put 

if d = 0, /3 7^ 0 


XBM,0 = 



if d = 1, /3 = 0 
otherwise. 


This defines a class x € E^PU. If we quotient out the ideal generated by x then all factors where 
/3 7 ^ 0 or d > 0 are killed, and this leaves {E^PU)/x = Hb = E°. 

Now consider a character a of A and the subspace P{Lo 0 La) C PU. If B < ker(Q!) we find 
that 

^^P(Lo © La) = {0} X CP^ CB* X CP°° = 'fpU. 

On the other hand, if i? ^ ker(a) we find that 

'fp{Lo © La) = {0, oIb} CB* cB* X CP°° = '$^PU. 

Either way, we see that the reduced cohomology of this space with coefficients in k^ = 0^ is 
freely generated over k^ by the image of x. By taking the product over all B, we see that the image 
of X generates E*{P{Lo © La), PLf) as a module over E*. We leave it to the reader to check in 
the same way that E*{{A/A') x P{Lq © La), A/A' x PLq) is freely generated by x over E*{A/A'), 
so X has the required universal generating property and is a coordinate for E. This shows that E 
is periodically orientable, and it is immediate from the definitions that E~^{A/A') = 0, so in fact 
it is evenly orientable. 

It is clear by construction that 


s^f {E^PU) = X S-B X © Ga) ~ G, 


so rA is the identity functor. 

Proposition 9.9. There is a natural map fs- Ar(i?) 
following are equivalent: 


□ 


E for E € QEOa- Moreover, the 
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(a) E^{A/B) = /{x{4>{a)) \ a G (A/B)* < A*) (for any coordinate x and any subgroup 

B < A). 

(b) The unit map E^ —> E^{A/B) is surjective (for any subgroup B < A). 

(c) A/B acts trivially on E^(A/B) (for any subgroup B < A). 

(d) £,e is an isomorphism. 

Remark 9.10. If E is the restriction of a T-spectrum for some torus T A then we see as in 
Remark |9.51 that (c) holds, and so the other conditions hold as well. In particular, this will hold 
automatically for the rationalisations of popular examples such as iiT-theory and cobordism, which 
are constructed in a uniform way for all compact Lie groups. 

Proof. Let E he a, rational, evenly periodic A-equivariant ring spectrum. Put js = 'Xoi(( E) and 
ks = ^^d Lv = ■K 2 E as in Proposition 19.61 The inclusions ks —> js give an inclusion 

B B 

or equivalently Ar(ill)*(X) ^ E*{X). By the Yoneda lemma, this is induced by a map Ar(iil) ^ 
E of equivariant ring spectra. 

Next, it is trivial that (a) implies (b), and a naturality argument shows that (b) implies (c). 
Now note that 

E°{A/A')= n H°{A/A';jb)^/^ = 

B<A' B<A' 

and the factor indexed hy B = A' is just Ja'. It follows that A acts trivially on E^{A/A') for all 
A' iff it acts trivially on ja' for all A' iff kA' = Ja' for all A'. If this holds, it is clear that f,E is an 
isomorphism. Thus (c) implies (d). Finally, suppose that (d) holds. Note that XT{E)^{A/A') = 

YIb<A' ksi so if f^E is an isomorphism we must have kB = Jb ^ for ad B < A' < A. By 
considering the case A' = B we see that Jb = kB, so the action of A on Jb is trivial. This 
gives E° = kB and E°{A/A') = ns<A' kB- We also know that the map (j: A* x S ^ C is 
given over Sb = spec(fcB) by the restriction A* —>■ B* and the inclusion B* ^ B* x C, so the 
largest closed subscheme where <j){{A')*) = 0 is just Wb<A' ^b, which is the spectrum of the ring 
Y\b<a' kB = E°{A/A'). On the other hand, this closed subscheme can also be described as the 
spectrum of the ring 

ky, = E°/{x{(f{a)) I a G {A/A')* < A*). 

We must therefore have E'^{A/A') = k'^,, so (a) holds. □ 

The following corollary follows directly. 

Corollary 9.11. Let be the full suhcategory ofQSOA generated by objects for which the 

equivalent conditions of Proposition \9.9\ are satisfied. Then the functors P and A give an equiva¬ 
lence between andQQA. D 

Example 9.12. Suppose we have an elliptic curve C over a scheme S = spec{k) as in Section 
and suppose that k is a Q-algebra. We then define an equivariant formal group C over = 
Hom(A*, C) as described in Section FT^ and use this to construct an evenly periodic A-equivariant 
ring spectrum E — A(C'). Using Proposition l9.9l we see that E^{A/B) = for all B < A, 

so we have an elliptic spectrum as defined in Definition 17.31 

10. Equivariant formal groups of pushout type 

We next consider a slightly different generalization of the notion of a group of product type. 

Definition 10.1. Suppose we have a subgroup B < A and a formal multicurve group C", with a 
map (j)': {A/B)* —> C making it an A/R-equivariant formal group. There is an evident embedding 
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{A/B)* —* A*^ which we can use to form a pushout 

{A/BY a 

Y 

A* - -^C. 


If we choose a transversal T to {A/BY in A*, then the underlying scheme of C is just 
This implies that the formation of the pushout is compatible with base change, and that C is an 
A-equivariant formal group. Formal groups constructed in this way are said to be of pushout type. 
(The case where Y = ^ evidently gives groups of product type.) 


We next examine how formal groups of this kind can arise in equivariant topology. For this, 
we need to recall in more detail the various different change of group functors and fixed-point 
functors for A-spectra. 

Given a homomorphism C: B » A, there is a pullback functor C*: Sa —^Sb, which preserves 
smash products and function spectra. (Note that if C is not injective, then C*^A is not a complete 
B-universe, so the definition of contains an implicit change of universe.) If is the inclusion of 
a subgroup then C* is called restriction and written res;^. This functor has a left adjoint written 
X ^ Ab X, and a right adjoint written X ^ Fb{Aj^,X). These two adjoints are actually 
isomorphic, by the generalized Wirthmiiller isomorphism [141 Theorem II.6.2]. 

If C, is the projection A —*■ A/B then C,* is called inflation. This has a right adjoint functor 

: Sa —> Sa/bj which we call the Lewis-May fixed point functor. The adjunction is discussed 
in [m Section II.7]; there X^X is written X^. One can check that the following square commutes 
up to natural isomorphism: 


5a 


Sb 


■ S 


AjC 


A/C 

^B/C 


^Sb fe¬ 


lt will be convenient to write 

= reso A'® = A'® res^ : Sa ^ So- 

The usual equivariant homotopy groups of X are defined by tt^X = 7r*A X. The functors A^ 
and A do not preserve smash products, and there is no sense in which A^ acts as the identity on 
B-fixed objects. 

Lewis and May also introduce another functor (j)^ : Sa — > Sa/b, called the geometric fixed point 
functor. To explain the definition, let be a complex representation of A. We write xv for the 
usual inclusion 5° —> S^, which can be regarded as an element of the i?(A)-graded homotopy 
ring 7r*5° in dimension —V. It is easily seen to be zero if Y 0, but it turns out to be nonzero 
otherwise. It is also clear that xv®w = XvXw- 

By dualizing the standard cofibration S(y)+ —* 5° , we see that D{S(y)+) deserves to 

be called S^/xv- On the other hand, we have 

S'0[x-i] = 1^(5° ^ ^ ->...) = 5°“^. 


It follows that for any X G Sa, the spectrum = X A S°°'^ is a Bousfield localization of X, 

or more specifically, the finite localization away from the thick ideal generated by /xv- There 
is another characterization as follows. Let T be the family of those subgroups A! < A such that 
Y 0, and let C be the thick ideal generated by | A G Tf. It is not hard to see that 

5(0014)"^ is contractible for A' ^ T and empty for A' Y Thus 5(0014) is a model for the space 
ET (as in Definition l4.9l) and = E5(oot4) = YlET = EE. It follows that is the finite 

localization of X away from C. It also follows that C is the same as the thick ideal generated by 

SVxv- 
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Now fix a subgroup B < A, and take 

V = VA^B-.= C[A]e{C[Af)= 0 

ot^A* \ann(B) 

In this context, we write xa,b for xv-, and we also write XA for xa,a- We also put J^{B] = {C < 
A \ B ^ C}, and note that ET[B] = . The geometric fixed-point functor (j)^: Sa Sa/b is 

defined by 

cj^^X = \^{X[xa]b\) = a EX[B\). 

(In [14] the functor (j)^ is actually defined in a different way, but the above description is proved 
as Theorem 11.9.8). Let tt: A —> A/B be the projection. One can check that (j)^ preserves smash 
products m Proposition 9.12], the composite 

Sa/b ^Sa^ Sa/b 

is the identity [HI Proposition 9.10], and the following diagram commutes: 


5a 


Sb 


■ S 


A/C 


A/C 

^B/C 


■ s, 


B/C- 


Moreover, for any A-space X we have (j)^T,°°X = T,°°X^ [Mj Corollary 9.9]. It will be convenient 
to write 

-jB A/B ,B iB A C c 

(j) = resg cp = (j) lesB ■ 5a ^ 5o. 

This again preserves smash products, and it is known that a spectrum X £ 5a satisfies X = 0 iff 
(j) X = 0 in 5o for all B < A. We will also need the following property: 

Lemma 10.2. Suppose that B < A, and write x = Xa,b- Then for X,Y G 5a there are natural 
equivalences 

\^E{X,Y[x-^]) = \^F{X[x-\Y[x-^]) = F{cj>^XA^Y). 

Proof. First note that the map W —» lT[x“^] is an equivalence iff W is concentrated over B as 
defined in [TH page 109]. Let C be the category of such W, so we have functors (j)^ = : C Sa/b 

and '0: Sa/b C given by ip{Z) = {tt*Z)[ x~^\. We see from [T4| Corollary 11.9.6] that (j)^ and '0 
are mutually inverse equivalences, and it follows that 

Now consider W G Sa/b and replace X by (7r*lT) A X in the above. We deduce that 

[W,X^F{X,Y\x-^])\t'^ = [W,X^F{X[x-\Y[x-^])\^'^ = [W,F{4>^ X,<t>^Y)]t'^. 

The claim now follows by the Yoneda lemma. □ 

Theorem 10.3. Let E' he an A/B-equivariant periodically orientable ring spectrum, with as¬ 
sociated equivariant formal group (A/B)* C. Let tt: A —> A/B be the projection, and put 
E = {Tr*E')[xA ^g]. Then E is an A-equivariant periodically orientable ring spectrum, and for all 
X £ 5a we have 

E^X = E'^cf^X 
E*X = [E')*(j)^X. 

Moreover, the formal group associated to E is the pushout ofC along the inclusion {A/B)* —> A*. 
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Proof. Because tt* preserves smash products, it is clear that Tr*E' is a commutative A-equivariant 
ring spectrum, and so the same is true of E. We saw earlier that = 1, so E = E'. Also, 
we have E A X = E A 5 ], so 

X^{E AX) =(I)^(E AX) = p^iE) A {X) = E' A p^{X). 

We can apply to this to see that \^{E A X) = \^/^{E' Ap^{X)), and by applying tt* we 

deduce that E^.X = E^p^X. 

For the corresponding statement in cohomology, we see using Lemma 110.21 that X^E{X,E) = 
F{p^X,p^E) = E{p^X, E'). We again apply the functor 7 r*A^/^(—) to see that E*X = 
E'*p^X, as claimed. 

In particular, if X is an A-space we have p^Tt°°X = and so E*X = E'*X^. Thus, 

if we put S = spec(i?'°(point)), then S is also the same as spec(i?°(point)). We next consider 
the space PV, where F is a representation of A. We can split V into isotypical parts for the 
action of B, say V = 0^ ^[/3], where V[(}\ is a sum of representations La with ajs = (3. We then 
have (PV)^ = IJ^T’V[/3], and so E*PV = Yljs E'*PV[(3]. Using this, it is easy to see that E 
is periodically orientable. Next, consider the space PUa, so {PUa)^ = WpP{UA[fi\). The space 
P(Wa[ 0]) is canonically identified with PUa/b^ so spf(P'°PW^[0]) = C. For /3 0, we can choose 

P G A* extending /3, and then tensoring with gives an equivalence 9: PUa[P] — PUaib- If we 
change /3 by an element 7 S {AjB)*^ then 9 changes by the automorphism of PUa/b- Using 
this, it is not hard to identify the curve C = sbUE^PUa) = TT PUa\P\) with the pushout 
of C along the map {A/B)* A*. □ 

11. Equivariant Morava E-theory 

Let Co be the standard p-typical formal group of height n over So = spec(Fp). We write K for 
the two-periodic Morava AT-theory spectrum whose associated formal group is Cq, so AT* = Fp['u=*=^] 
with |ii| = 2. This formal group has a universal deformation Ci over Si := spf(Zp|ui,..., m„_i]). 
We write E for the corresponding Landweber-exact cohomology theory, and refer to it as Morava 
E-theory. Now suppose we have a finite abelian group A and a subgroup B. We define Cq = 
E* X Co, which is an A-efg of product type over So, associated to the equivariant Morava E-theory 
K*X := K*p X. We can also define an A/E-equivariant cohomology theory by A 1 -^ E*Xf,(A/B)j 
as in Section [6l The associated equivariant formal group is C 2 = Ci xsi S over S, where S = 
Hom((A/E)*, Cl). We then perform the construction in Section[T0l This gives an A-equivariant 
theory E = E{p, n, E), dehned by 

E*X = E*i{P^X)^(A/B)), 

whose associated equivariant formal group is the pushout of C 2 along the inclusion {A/B)* —> A*. 
We write C for this pushout, and we refer to E as equivariant Morava E-theory. In |25j we 
give some evidence that this name is reasonable, related to the theory of Bousheld classes and 
nilpotence. Here we give a further piece of evidence, based on formal group theory. 

We first note that So is a closed subscheme of Si, which is in turn a closed subscheme of 
S = Hom((A/E)*, Cl) (corresponding to the zero homomorphism). The restriction of C to ^i is 
just E* X Cl, and the restriction of this to So is just Cq. The inclusion Cq —^ C corresponds to 
a ring map Oc —> E>Co, or equivalently E^PU K^PU. It can be shown that this comes from 
a natural map E*X —> K*X of cohomology theories. Indeed, there is certainly a nonequivariant 
map q: E K. Moreover, up to homotopy there is a unique map A/E ^ E{A/B) of A/E-spaces, 
which gives a natural map 

res(r) = (A/E+ A Y)/{A/B) ^ (E(A/E)+ A Y)/{A/B) = YniA/B) 
for A/E-spectra Y. If U = p^X then res(y) = p^X and so we get a map 
E*X = E*{P^X)^(a/b) E*p'' ^ k*p'^X = K*X, 
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as required. 

Definition 11.1. A deformation of the A-efg Co over S'o consists of an A-efg C" over a base S' 
together with a commutative square 

Co—^C' 

such that 

(a) / is a closed inclusion, and S' is a formal neighbourhood of /(S'o) 

(b) / induces an isomorphism Co —^f*C of A-efg’s over Sq. 

If C and C" are deformations, a morphism between them means a commutative square 

C C" 

S' — S" 

such that g induces an isomorphism C" —> g*C" of A-efg’s over S'. A universal deformation means 
a terminal object in the category of deformations. 

As mentioned previously, the formal group Ci associated to E is the universal deformation of 
the formal group Co associated to K. Equivariantly, we have the following analogue. 

Theorem 11.2. The A-equivariant formal group C (associated to equivariant Morava E-theory) 
is the universal deformation of Co (associated to equivariant Morava K-theory). 

Proof. Suppose we have an A-efg (C", /') over S' equipped with maps (/, /) making it a deforma¬ 
tion of Co- We will identify So with /(So) and thus regard it as a closed subscheme of S'. Similarly, 
we regard Co as the closed subscheme C'lsj, of C. Note that S' is a formal neighbourhood of So, 
and it follows that C is a formal neighbourhood of Cq. We choose a coordinate x' on C", and 
note that it restricts to give a coordinate on Co. 

Now let C' denote the formal neighbourhood of the zero section in C. We have (C')|so = Co, 
so we can regard C as a deformation of the ordinary formal group Cq. As Ci is the universal 
deformation of Co, this gives us a pullback square 

C'^^Ci 

Next, suppose we have a S {AjB)* C A*, giving a section 4>'{a) of C and an element x'{(j)'{a)) G 
Os'. As C'lsg = Co = i?* X Co and a|_B = 0 we have 4)'{a)\so = 0, so x'{4)'{a)) maps to 0 in Osg- 
As S' is a formal neighbourhood of So, it follows that x'{(j)'{a)) is topologically nilpotent in Os', 
and thus that (j)'{a) is actually a section of C'. Thus, g o ((' gives a map {A/B)* —> Ci, which is 
classified by a map h: S' Hom((A/i?)*, Ci) = S. The maps g and h combine to give a map 

e-.d'-^h*d = h*{di xs, s) = g*di. 

This can be regarded as an isomorphism of A/B-equivariant formal groups. 

Next, the decomposition Co = S* x Cq = U/Jes* gives orthogonal idempotents eg G Ocq 
with 6/3 = 1. As C' is a formal neighbourhood of Co, these can be lifted to orthogonal 
idempotents in Oc, giving a decomposition C' = C^ say. One can check that C^ = ()' (a) -|- C 
for any a € A* with a\B = /9, and it follows that C' is just the pushout of the map ()' : {A/B)* — > C 
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and the inclusion (A/B)* —> A*. It follows in turn that h extends to give an isomorphism 
C —> g*C^ and thus a morphism C C oi deformations. All steps in this construction are 
forced, so one can check that this morphism is unique. This means that C is the universal 
deformation of Cq, as claimed. □ 

12. A COMPLETION THEOREM 

Suppose we have an A-equivariant formal group (C, (/>), and a subgroup B < A, giving a 
subgroup (A/B)* < A*. Let Sq be the closed subscheme of S where (j){{A/B)*) = 0. Equivalently, 
if we put Ca = x{(j){—a)) and J = (cq, | a G {A/B)*), then = V{J) = spec(Os/J). If we put 
Cq = Sq X s C then (/> induces a map i /: B* x Sq Cq making Cq into a i3-equivariant formal 
group over Sq- Next, we put = lim spec(Os/J'”) = spf((Os)j), the formal neighbourhood of 

Si in S, and Ci = Si Xs C. This is an A-equivariant formal group over S'! for which 4>{{A/B)*) 
is infinitesimally close to 0. 

Now suppose that C comes from an A-equivariant periodically orientable theory E. We would 
like to interpret Co and Ci topologically. 

Proposition 12.1. Let Eq be the B-spectrum vqs^{E), representing the theory E*{Ax bY) for B- 
spaces Y. Let Cq/Sq be the associated B-equivariant formal group. Then there is a map Sq —> So 
(which may or may not be an isomorphism) and an isomorphism C( = Cq Xsq S'q. 

Proof. We have S'q = spec(7roAo) = spec{E^A/B), so there is a natural map S( S. Moreover, 
we have PUb — res^ PILa, which gives an isomorphism A PUb ^ A/B x PUa and thus 

E^PUb ^ E°{A/B X PUa) = E°{A/B) E°PUa. 

This shows that the formal group for Eq is just C( := C Xs S'q. All that is left is to check that the 
map S'q S factors through Sq, so Cq can also be described as Co Xsg S(. To see this, note that 
(j) comes from the inclusion j : A* = ttqPU — » PU, so the corresponding map (/'q over S'q comes 
from the map 1 x j: {A/B) x A* {^/B) x PU. Using the isomorphism 

[{A/B) X A*, {A/B) X PU]^ = [A*, {A/B) x PUf 

= Map(A*,7r^((A/B) x PU)) 

= Map(A*,(A/S) X B*) 

we see that the restriction of (1 x j) to {A/B) x {A/B)* is null, so that (j)'Q{{A/B)*) = 0 as 
claimed. □ 

If E is the complex AT-theory spectrum KUa, then we saw earlier that S = Hom(A*,Gm) and 
so 

^0 = {<^ e Hom(A*,G^) I H{A/B)*) = 0} = Hom(S*,G^). 

On the other hand, it is well-known that KU'^{A Xb Y) = KUbY so Eq = KUb so S'q = 
Hom(i3*,Gm) = So. A similar argument works for theories of the form E*X = E*XhA where E 
is Ar(n)-local as in Section [6l in which case we have S = Hom(A*, C) and So = S'q = Hom(iI*, C). 
At the other extreme, for theories of the form E*X = E*{TeSo{X)), we have Sq = S and S'q = 
{A/B) X S. 

We next consider Ci. Recall that there is an A-space E[< B] characterised by the property 
that E[< B]'^ is contractible for C < R and empty for C ^ B. The first approximation would be 
to consider the ring spectrum F{E[< i3]+, E). However, as is a formal scheme rather than an 
affine scheme, we need a pro-spectrum rather than a spectrum. The solution is to define C, (Ai_|_, E) 
to be the pro-system of ring spectra F{Xa+, E), where Xa runs over finite subcomplexes of X, 
and to put Ei = E,{E[< B]+,E). The desired description of E(PU is a kind of completion 
theorem in the style of Atiyah-Segal, so we expect to need finiteness hypotheses. However, with 
these hypotheses, we have an exact result rather than an approximate one as in the previous 
proposition. 

Theorem 12.2. Suppose that E* {point) is a Noetherian ring, and that E*{A/C) is finitely gen¬ 
erated over it for all C < A. Then the A-equivariant formal group associated to Ei is Ci. 
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Proof. This is essentially taken from [5]. Choose generators Oi ,... ,ar for (A/B)*, let Li be the 
one-dimensional representation corresponding to ai and let Xi denote the inclusion 
There is a canonical Thom class Ui in and X*(ui) is the Euler class = x{(p{—ai)). One 

checks easily that the space P := n,S'(cx)L i) is a model for E[< B], and the spaces T{m) := 
U^S{mL,) form a cofinal system of finite subcomplexes, so Ei is equivalent to the tower of ring 
spectra F{T{m)+, E) = D{T{m)+) A E. Next, by taking the Spanier-Whitehead dual of the 

cofibration S{mLi)^ —> we see that D{S{mLi)+) deserves to be called Sjyff', and 

so D{T{m)+) deserves to be called S/{xT^ ■ ■ ■ jXD- This suggests that tt^{E/\D{T{ m)+)) should 
be E^/Jrm where Jm = < E*. Unfortunately, there are correction terms. More 

precisely, the cofibration displayed above gives a two-stage filtration of D{S{mLi)+) for each i, 
and by smashing these together we get a (r -|- l)-stage filtration of D{T{m)+), and thus a spectral 
sequence converging to 7r,(U A D{T{m)+)). The first page is easily seen to be the Koszul complex 
for the sequence e™, • ■ •, e™, so the bottom line of the second page is U*/and the remaining 
lines are higher Koszul homology groups. The filtrations are compatible as m varies, so we get a 
spectral sequence in the abelian category of pro-groups converging to 7r*i?i. In the second page, 
the bottom line is the tower {i?*/Jm}m> 0 j and the remaining lines are pro-trivial by [51 Lemma 
3.7]. It follows that ~ {E^/Jm} as pro-groups, and so the formal scheme corresponding to 
ttqEi is lim spec{E°/ J.rn) = spec(U°/J™) = ^i. We now replace E by E{P{n.C[A])^, E) 

and then take the limit as n tends to infinity to conclude that spf{EiPU) = C Xs Si = Ci as 
claimed. □ 

Remark 12.3. Using the same circle of ideas one proves that the kernel of the map E^/J 
E°{A/B) is nilpotent, so the map Sq So is dominant; compare [HI Theorem 1.4]. 

13. A COUNTEREXAMPLE 

Here we exhibit a Z/2-equivariant formal group C with a number of unusual properties, which 
are only possible because the base scheme S is not Noetherian. The phenomena described here 
are the main obstruction to our understanding of the equivariant hazard ring. 

For any A-equivariant formal group (C, 4 >), there is a natural map ip: A* x C C given by 
'ijj{a,a) = (j){a) + a. As C is a formal neighbourhood of [(/>(A*)], it is natural to expect that ip 
should be an epimorphism, or equivalently that the map 'p*: Oc Oct should be injective. 
The key feature of the example to be constructed here is that ip* is not in fact injective. 

Start with ko = F 2 [e], let M be the module F 2 [e^^]/F 2 [e], and let k be the square-zero extension 
ko © M. More explicitly, k is generated over ko by elements ui,U 2 , ■ ■ ■ subject to eui-|-i = Ui (with 
uo interpreted as 0) and UiUj = 0. Put S = spec(A:). 

Next, let R be the completion of k[x\ at the element y = -I- ecc, so i? = fc|y]{l, a;}, and put 

C = spf(i?) = {x € h}g \ x^ ex is nilpotent }. 

This is a subgroup of Ag under addition. In the corresponding Hopf algebra structure on i?, the 
elements x and y are both primitive. There is a homomorphism cp: 'LI2 —> C sending 0 to 0 and 
1 to e. The corresponding divisor is just R/y, and as R is complete at y, we deduce that (C, (p) is 
an equivariant formal group. 

Next, we can define maps Aq, Aa : R fc|t] by 

Ao(a:) = t 

Xaix) = t + e 

Ao(y) = Aa(y) = f + te. 

The map ip* : Oc Ha ^ ^ ^ consider the element 

/ = Ui_2k+iy'^ € R. 

fc >0 
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We then have 


^o{f) — Ui_2k+i + et)^ 
fc >0 

E gfc + l ^> 2^ 2 

Ul_2k+it y ^ Ui_2>i+^ 6 t 

k>0 k>0 

E 2fc+l ^> 2^ 

U-^_2k+it -h y ^ —2^^ 


fc>0 k>0 

.2^ 


= Ui_2ot = Uot = 0 . 

We also have Xa{f) = 0 by the same argument, so V'*(/) = 0- 


14. Divisors 

We now return to the purely algebraic theory of formal multicurves and their divisors. 

Recall that a divisor on C is a regular hypersurface D CC such that Od is a finitely generated 
projective module over Os, which is discrete in the quotient topology. We also make the following 
temporary dehnition; one of our main tasks in this section is to show (in Proposition ll4.l51) that it 
is equivalent to the preceeding one. (For divisors of degree one, this follows from Corollary 12.121 1 

Definition 14.1. A weak divisor on C is a closed subscheme D C C that is hnite and very flat 
over S (so Od is a discrete finitely generated projective module over Os)- Thus, a weak divisor 
D = spf(i?/J) is a divisor iff the ideal J is open and generated by a regular element. If y is a 
good parameter on C, we note that J is open iff S J for ^ 0. 

If Dq = spf(i?/Jo) is a divisor and Di = spf(i?/Ji) is a weak divisor then one checks that the 
scheme Dq + Di := spf(i?/( Jq Ji)) is again a weak divisor. 

Definition 14.2. Now suppose we have a map q: T —> S' of schemes which is finite and very 
flat, so that Or is a discrete finitely generated projective module over Os- If 5 £ Ot then 
multiplication by g gives an Og-linear endomorphism g,g of Ot, whose determinant we denote by 
Nq{g) or Nr/sig)- 

Definition 14.3. Fix a difference function d on C. For any weak divisor D on C over, we can 
regard d by restriction as a function on D Xs C- We also have a projection q: D xs C —* C, and 
we put 

Id = Nq{d) = N{DxsC)/c{d) G Oc- 
We will eventually show that D = s])i{Oc/fo)- 

Remark 14.4. Consider the case where C is an ordinary formal group, with coordinate x and 
associated formal group law F. We then have Oc = Os[a;] and OcxC = Os\xo,xi\, and we can 
take d = Xi —fXq- If D has the form for some family of sections Ui, then we have elements 

Gi = x{ui) G Os and we will see that fo = ~f a*)- This is a unit multiple of the Chern 
polynomial go = 01 ( 2 ^ ~ “*)> and it is familiar that D = spf{Oc/gD), so D = spf{Oc/fo) also. 
In the multicurve case, one can still define go (as the norm of the function (a, h) 1 —> x{b) — x(a)) 
and we find that it is divisible by fo, but go/fo need not be invertible so Oc/go ^ Od- 

Lemma 14.5. Let R he a ring, P a finitely generated projective R-module, and a an automorphism 
of P. Then a is injective ijf det{a) is a regular element- 

Proof- After localising we may assume that P — R'^ for some d, and a is represented by a d x d 
matrix A- If det(A) is regular, the equation adj(A)A = det(A)/d implies immediately that a is 
injective. Conversely, suppose that a is injective. As P is flat, it follows that a®''*: > P®'^ is 

also injective. It is easy to check with bases that A'^P is naturally isomorphic to the image of the 
antisymmetrisation map P®'^ —> P®'^. In particular, it embeds naturally in P®"^, and it therefore 
follows that X‘^a is injective. On the other hand, X‘^P is an invertible P-module, so End(A‘^P) = R, 
and X‘^{a) = det(a) under this isomorphism. It follows that det(a) is regular as claimed. □ 
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Corollary 14.6. For any weak divisor D on C, the element fu S Oq is regular. 

Proof. Take R = Oc and P = OdxsC and a = fXd- We know from Lemma [2TT] that a is injective, 
and the claim follows. □ 

Lemma 14.7. Let q: T S be finite and very flat, and let g be a function on T. If there is a 
section u: S T such that g o u = 0 then Ng(g) = 0. 

Proof. Put J = ker(u*: Ot Os), so g G J. We have a short exact sequence of Os modules 

J ^ Ot Os, which is split by the map q*: Os Or- The sequence is preserved by fig, 
and fig^Or) = Ox-g < J so the induced map on the cokernel is zero. Zariski-locally on S we 
can choose bases adapted to the short exact sequence and it follows easily that det{fig) = 0 as 
claimed. □ 

Corollary 14.8. The function fu G Oc vanishes on D. 

Proof. We have fnln = Nq'{d), where q': D xs D D is the projection on the second factor. 
The diagonal map 5: D D Xs D is a. section of q' with do 5 = Q, so Ngi (d) = 0. □ 

Lemma 14.9. If D = Dq + Di (where Dq, Di are divisors) and g G On then 

No/sig) = ^Do/s{9)NDi/s{g)- 

Proof. Put R = Oc, and let the ideals corresponding to Di be Ji = {ffl for i = 0,1. We then 
have a short exact sequence of 0_D-modules as follows: 

Odo = R/fo ^Od = R/{fofi) ^ Od, = R/fi. 

This is splittable, because Odi is projective over Os. The map fig preserves the sequence, and it 
follows easily that det{fig) = det{fig\ODo) det{fig\ODi), as required. □ 

Corollary 14.10. If D = Dq + Di as above then fc = foofoi- 

Proof. Just change base to C and take g = d. □ 

Lemma 14.11. Suppose that D is a weak divisor of degree r, that D' is a divisor of degree r', 
and that D' ^ D. Then D = D' + D” for some weak divisor D” of degree r — r'. 

Proof. Put J = It> and J' = I d'- As D' is a genuine divisor, we have J' = Rf for some regular 
element f G R. As D' C D, we have J < J'. Put J" = {g G R \ f'g G J} > J. We then have a 
short exact sequence 

R/J" ^ R/J R/J'. 

As R/J and R/J' are projective modules of ranks r and r' over k, it follows that R/J" is a 
projective module of rank r — r'. Thus, the scheme D" := spf(i?/J") is a weak divisor. From the 
definition of J" we have J' J" < J. Conversely, ii h G J then certainly h G J' = Rf so h = gf 
for some g G R. From the definitions we have g G J", so h G J" J'. This shows that J = J' J" 
and so D = D' + D". □ 

Definition 14.12. Let D be a weak divisor of constant degree r. A full set of points for D is a 
list ui,... ,Ur of sections of S such that D = there exists a full set of points, it is clear 

that D is actually a genuine divisor. (This concept is due to Drinfeld, and is explained and used 
extensively in [12]. 1 

Proposition 14.13. Ifui,...,Ur is a full set of points for D, then Njg/sig) = Y[i9i'"'i) 
function g on D. Moreover, we have fof) = Y[id{a,Ui), and so Od = Oc/fo- 

Proof. As the projection [rti] —» 5* is an isomorphism, we see that iV[„^]/ 5 (g) = g{ui). The 
first claim follows easily using from Lemma 114.91 by induction on r. It follows similarly from 
Corollarv Ill.lOl that /£>(«) = Hi As d is a difference function we have = Oc/d(a, ufl 

and so Od = Oc/fo as claimed. □ 
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Lemma 14.14. Let D be a weak divisor of constant degree r. Then there is a finite, very flat 
scheme T over S such that the weak divisor T Xs D on T Xs C has a full set of points (and so is 
genuine). 

Proof. By an evident induction, it suffices to show that after very flat base change we can split D 
as [it] + D" for some section u and some weak divisor D". It is enough to find a section u: S D, 
for then [it] C D and we can apply the previous lemma. For this we can simply pull back along the 
projection map D —>■ S (which is very flat by assumption) and then the diagonal map D ^ DxgD 
gives the required “tautological” section. □ 

Proposition 14.15. Every weak divisor is a genuine divisor. 

Proof. Let D = spi{R/J) be a weak divisor. We may assume without loss that it has constant 
degree r. We know from Corollary 114.61 and Corollary 114.81 that fu is regular in R and lies in J; 
we need only show that it generates J. It is enough to do this after faithfully flat base change, so 
by Lemma 114.141 we may assume that we have a full set of points. Proposition 114.131 completes 
the proof. □ 


15. Embeddings 

Let (7 be a nonempty formal multicurve over a scheme S. In this section we study embeddings 
of S in the affine line x 5'. If q is the given map C S, then any map C —> A^ of 

schemes over S has the form {x,q) for some x: C —» A^, or equivalently x G Oq. 

Now choose a difference function d on C. Given x G Oq, we can define x': C XsC A.^ by 
x'{a,h) = x{h) — x{a). Equivalently, x' is the element l(8)a; — cc®! in OcxsC = Oc®OsOc- 
It is clear that x' vanishes on the diagonal, and thus is divisible by d, say x' = 0{x)d for some 
9(x) G OcxsC- This element 9(x) is unique, because d is not a zero-divisor. 

Proposition 15.1. Let C ^ S he a nonempty formal multicurve. A map {x,q): C Ag 

is injective if and only if 9{x) is invertible. If so, then {x, q) induces an isomorphism C —> 

lim V(f^) C Ag for some monic polynomial f G Os\t\, showing that C is embeddable. 

- 

Proof. Put X = {(a, b) £ C XsC \ x(a) = x(b)} = V(x') = V(9(x)d). We see that x is injective if 
and only if V(x') = A = V(d), if and only if d = ux' = u9(x)d for some u G OcxsC- As d is not 
a zero divisor, this holds if and only if 9{x) is invertible. 

If so, we may assume without loss that d = x'. Choose a good parameter y, so Ocfy has 
constant rank r over Os for some r. Put D = spec{R/y), let p: C Xs D C he the projection, 
and put z = Np{x'). The proof of Proposition 114.151 shows that z is a unit multiple of y. 

We next claim that {l,a;,... is a basis for R/y = R/z over k, and that z = f{x) for a 

unique monic polynomial / of degree r. It is enough to check this after faithfully flat base change, 
so we may assume that D = [mq] -I-... -I- [ur-i] for some list of sections Ui of D. If we put Oi = x(ui) 
we see that z = n*(a;-az)- If we put Ci = ~ o-j) we also find that {cq, ..., e„_i} is a basis 

for R/z. As Ci = x^ + lower terms , we also find that {!,..., is a basis as claimed. 

The rest of the proposition follows easily from this. □ 

Now suppose we have an arbitrary element x G Oc- Given a map u: S' S we get a multicurve 
C := S' Xs C over S' and a function x' = (C" —* C ^ A^) G Oc'. 

Lemma 15.2. There is a basic open subscheme U C S such that {x',q'): C' —> Ag, is an embed¬ 
ding if and only ifu: S' S factors through U. 

Proof. Choose a good parameter y on C and put D = spec{Oc/y). Put w = Ns{9{x)) G 
Os- We see that w is invertible in Os if and only if 9{x) is invertible in OdxsD- As Oc is complete 
at y, we see that 9[x) is invertible in OcxsC if and only if it is invertible in OdxsD- Given this, 
it is clear that the scheme U = spec( 05 [l/'u;]) has the stated property. □ 

Corollary 15.3. Let C be a formal multicurve over S. Then there is a faithfully flat map S' S 

such that the pullback C' := S' xs C is embeddable. 
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Proof. Put R = Oc and k = Os, and let y be a very good parameter on C. Let P be the 
continuous dual of R, which is a projective module of countable rank over k. We have P®kR — 
Hom^*®(i?, _R), so there is an element x S P®kR corresponding to the identity map l/j. The 
scheme M := Map 5 (C', A^) is the spectrum of the symmetric algebra k\P], with the tautological 
map M Xs C A} corresponding to the element x G P®kR C k[P\®kR = OmxsC- As in the 
lemma, there is a largest open subscheme S' Q M where this tautological map gives an embedding 
S' Xs C Ag,. Note that M = spec(fc[P]) is flat over S and S' is open in M, it is again flat over 
S. It is clear by construction that S' Xs C has a canonical embedding in Ag,. All that is left is 
to check that the map u: S' S is faithfully flat. It will suffice to show that u is surjective on 
geometric points, and this follows easily from Lemma [2. 191 □ 


16. Symmetric powers of multicurves 

In this section, we study the formal schemes C"'/Er, or in other words the symmetric powers 
of C. As usual, we write R = Oc and k = Os- We choose a good parameter y on C, and a basis 
{eo,..., e„_i} for R/y. We then put Cni+j = y’'ej, which gives a topological basis {ci \ i > 0} for 
R over k and thus an isomorphism i? ~ A: of topological A:-modules. We write 

Rr — R^k ■ ■ ■ 

Sr = Rf" 

R=m 

Rr = R^k ■ ■ ■ ^kR = kfyi, ■■■,yrj 
Ui = i’th elementary symmetric function of yi,..., 

Sr=R';^ =klui,...,Ur\ 

C"' = Cxs... xsC = spf(P^) 

C 7 s^ = spf(7) 

C = spf(i?) 

C’' = Cxs...xsC = spf(P^) 

V/Y.r = Spf(^ 7 . 

Here we have topologized Rr, Sr and Sr as closed subrings of Rr- We clearly have a commutative 
square of topological rings as shown on the left below, and thus a commutative square of formal 
schemes as shown on the right. 


Rr ^ -< Sr C"' -^ C/T.r 



Rr ^-< Sr C'' -^ C" lY.r 


We next exhibit topological bases for the above rings. Put 

A = N'' 

A = (nN)’’ = {a € A \ Ui = Q (mod n) for all i} 

OO 

S = {/3gN~ I ^ 7 =r} 

1=0 

i? = {/3 G P I /3i = 0 whenever i ^ 0 (mod n)}. 


Next, for a G A we put 


Crt — Cn 


G Rr- 


Note tll3-t CfioL — € Rr-i ftnd Gna-\-a' — ^na^o 
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Now define r: A ^ Bhy T(a)j = |{i | = j}|- This gives bijections AjTj^ = B and AjYj^ = B. 

For P G B, we put 

6/3 = ^ Bq G Sr- 

T(a)=0 

It is clear that 

• {cq I a G A} is a topological basis for Rr over k, giving an isomorphism Rr = Ha 

• {ca I a G A} is a topological basis for Rr- 

• {e'p I /3 G -B} is a topological basis for Sr- 

• I /3 G B} is a topological basis for Sr- 

Of course, the monomials in the symmetric functions ut give another topological basis for Sr over 

k. 

Proposition 16.1. If S' = spec(/c') is any scheme over S, and C = S' Xs C (considered as a 
multicurve over S') then {C'Y/Y,r = S' xg iC''"/Yir)- The schemes C, C and C /Yir o-re also 
compatible with base change in the same sense- 

Proof- Put R' = Oc = k'%kR = = R'®k' ---®k'R' = OaeA 

S'r = 0(C')''/Er = 11/36B dearly the same as k'^kSr, so {C'Y/Hr = {C''/Hr) xg S'- 

The same argument works for the other claims. □ 

We next need to formulate and prove various compatibility statements for the topologies on the 
rings considered above. 

Definition 16.2. Let d be a linearly topologised ring, and let M be a topological module over A- 
We say that M is topologically free of rank r if it is isomorphic to A'" (with the product topology) 
as a topological module. 

Definition 16.3. Let d be a linearly topologised ring, and let B be a closed subring (with the 
subspace topology). We write / <o A to indicate that / is an open ideal in A- We say that B is 
neat if for every open ideal J <o B, the ideal JA is open in A- 

Remark 16.4. As B has the subspace topology, we see that {I D B \ I <o A} is a basis of open 
ideals in B. It follows that B is neat iff (/ nB)A is open in A whenever I <o A- If so, then (using 
the inclusion (J n B)A < I) we see that {(/ H B)A \ I <o A} is a basis of open ideals in A. 

Remark 16.5. Suppose that we start with a linear topology on B. We can then give A a linear 
topology by declaring {AJ \ J <o B} to be a basis of open ideals in A. By regarding B as a. 
subspace of A, we obtain a new linear topology on B, which may or may not be the same as the old 
one. Now suppose that A is faithfully flat over B. It follows that A/JA = A®b B/J is faithfully 
flat over B/J, and in particular that the map B/J ^ A/JA is injective, so J = {JA) n B. Using 
this we see that the two topologies on B are the same, and that B is neat in A. 

In particular, if A is topologically free of finite rank over B, then B is neat in A. Conversely, 
if A is free of finite rank over B and B is neat, it is easy to see that A is topologically free. 

Proposition 16.6. (a) Rr is topologically free of rank n’’ over Rr 

(b) Rr is topologieally free of rank r! over Sr 

(c) Rr is topologically free of rank r\ over Sr 

(d) Sr is topologically free of rank n'' over Sr 

(e) Rr is a finitely generated module over Sr, and Sr is neat in Rr- 

Moreover, in eaeh of the four rings there is a finitely generated ideal J such that {J"' | to > 0} 
is a basis of open ideals- 

The proof will follow after a number of lemmas. In Corollarv ll6.14l we will extend part (e) by 
proving that Rr is a projective module of rank r! over Rr- 

Lemma 16.7. Suppose we have a ring A and elements ai,.--,a„ G A, and we put Im = 
(a™,..., a//). Then < Im < 7™, so the topology defined by the ideals Im is the same as 

that defined by the ideals /™. 
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Proof. The ideal is generated by the monomials a"* for which Vi = m. It is clear from 
this that Ira < and thus that I™ is open in the topology defined by the ideals Ik- Now suppose 
we have a monomial off that is not contained in Im- This means that Vi < m — 1 for all i, and 
thus — 1) + 1. By the contrapositive, we see that go is open 

in the topology defined by the ideals if. □ 

Lemma 16.8. Let A be a linearly topologised ring with a continuous action of a finite group 
G. Suppose that there exists a finitely generated G-invariant ideal I = (ai,...,a„) such that 
{/"* I m > 0} is a basis of open ideals. Then is neat in A. Moreover, if A is faithfully flat 

over A'^ then {(7*^)'" | m > 0} is a basis of open ideals in A^. 

Proof. Put r = IGI- For any a & A, put (fait) = ngeG(^ ~ 9-o)^ so (faia) = 0. If J is any 
G-invariant ideal containing a we see that (fait) S G -I- J^[t\, so the equation (faia) = 0 gives 
a’’ S A.J^. Thus, all elements of J are nilpotent modulo A.J^. If J is finitely generated we 
deduce that there exists s > 0 with J® < A.J'^. 

Now apply this with J = /"*; we see that contains I™® for some s, and thus is open. 

This shows that A^ is neat in A. 

Now suppose that A is faithfully flat over A®. We claim that is open in A'^. Indeed, 

the above shows that for large j we have P < A.I^. It follows that 

It is also clear that < P'^, so A.iP"^)'^ < By faithful flatness, for any 

ideals .J,J' < A'^ we have A.J < A.J' iff J < J'. We deduce that The ideal 

(^jjra'jG _ jjm p j^G jg Qpgjj jjj gubspace topology, so the same is true of (J®)’”. We also have 
^]^g jfjgg^ig basis of neighbourhoods of 0; it follows that the same 

is true of the ideals □ 

Corollary 16.9. Let A, I and G be as in the lemma, and let H be a subgroup of G. Suppose that 
the inclusion A^ A is faithfully fiat, and that I^ is finitely generated. Then A^ is neat in A^. 

Proof. The lemma (with G replaced by H) tells us that | m > 0} is a basis of open ideals 

in A^. As I^ is finitely generated, the same is true of say (I^)™ = (&i,..., 6„). Consider 

the polynomial (fbiit) = ng(^ ~ 9-^i) 9-® the proof of the lemma. As hi € (J^)™ C J™, we see 
that (fbiit) Using the relation (fbiih) = 0 we see that S so 

(/^)™(”(’-i)+i) < ibl, ...,bl)< 

so is open in A^. As the ideals are a basis of open ideals in A'^, we deduce that 

AG is neat as claimed. □ 

Lemma 16.10. Suppose that A = k[yi,... ,yr], with the evident action of G = and with 
topology determined by the powers of the ideal I = (t/i,..., yr). Let H be a subgroup of G of the 
form X ... X , with r = ri + ... + Vk. Then 

(a) A is topologically free of rank |G| = r! over A^ 

(b) A is topologically free of rank |i7| = A^ 

(c) A^ is topologically free of rank |G/i7| over A'^ 

(d) The topology on A^ (resp. A'^) is determined by powers of the ideal I^ (resp. I^), which 
is finitely generated. 

Proof. It is well-known that A^ = k[ui,..., Ur], where Ui is the t’th elementary symmetric function 
in the variables yt. Similarly, we have A^ = k\vi,... ,Vr\, where vi,... ,Vri are the elementary 
symmetric functions of yi,..., j/n, and Vn+i ,..., are the elementary symmetric functions 

of j/n+i) • • •) yri+r 2 and so on. By considering the maps 

A° A^ ^ A^ Afl = k, 

we see that /G = iui,...,Ur) and I^ = ivi,... ,Vr), so in particular these ideals are finitely 
generated. 

We next claim that A is algebraically free of rank |i7| over A^. Everything is compatible with 
base change, so it will be enough to prove this when k = h. In this case, all the rings involved 



36 


N. P. STRICKLAND 


are Noetherian domains with unique factorisation and the claim is a standard piece of invariant 
theory. Similarly, we see that A and are algebraically free of the indicated ranks over A'^, and 
so the inclusions A^ —> A^ —> A are faithfully flat. 

Using Lemma [16.81 and Corollary 1 16. 91 we deduce that the inclusions A'^ —> A^ —> A are neat. 
A neat extension that is an algebraically free module is always topologically free, which proves (a), 
(b) and (c). We have seen that and are finitely generated, and the rest of (d) follows from 
Lemma 116.81 □ 

Proof of Provosition \7KM Claim (a) is clear. Claim (b) follows from part (a) of Lemma llG.lOl bv 
passing to completions, and part (c) follows immediately from (a) and (b). 

For claim (d), put 

A'= {a & A\ai<n for all i\ 

B' = A'fYir = {/3 S i? I /3j = 0 for all j > n\. 

For P G B' we put = Hi so ~ Er/iL/?. As A' is a basis for Rr over Rr, we 

deduce that Sr = Rf'' is isomorphic to 0^ Rf^ as a module over Sr ■ It will thus suffice to show 
that klyi,... ,yr]^^ is topologically free of rank lE^/Ff/jl over kfyi,... ,yr]^’', and this follows 
from part (c) of Lemma If 6. 101 bv passing to completions. 

For part (e), note that Rr is finitely generated over Sr and thus is certainly finitely generated 
over the larger ring Sr- Neatness follows from Lemma 116.81 

Finally, we must show that for each of our rings there is a finitely generated ideal J whose 
powers determine the topology. For Rr, we can obviously take J to be the ideal R '■= {yi,... ,yr)- 
Lemma 116.81 tells us that for Sr we can use the ideal Jr ■= Ir'^ = {ui,... ,Ur)- For Sr (which is 
topologically free over Sr) we can therefore use the ideal Jr '■= Jr Sr- Similarly, for Rr we can use 
the ideal R = IrRr- D 

Lemma 16.11. If the curve C is embeddable, then Rr is topologically free of rank r\ over Sr- 
Proof- We may assume that 

C = spf(fc[a:];^(,,)) = nmspec(A:[a:]//(a:)™) 

m 

for some monic polynomial f{x)- Put A = k[xi ,..., Xr], and give this the topology determined by 
the powers of the ideal / = {f{xi ),..., f{xr)), so C"' = spf(Aj ). The evident action of G := Sj. on 
A is continuous, and A is free of rank r! over We see from Lemma [16.81 that A'^ is neat in A, 
so A is topologically free over of rank r!, and the claim follows by passing to completions. □ 

Lemma 16.12. Let A be a ring, M a finitely generated A-module, and B a faithfully flat A- 
algebra- Suppose that B (g)^ M is a free B-module of rank s- Then M is a projective A-module of 
the same rank- 

Proof- First, we claim that if m is a maximal ideal in A with residue field K = A/m, then 
dimif (AT (g)^ AT) = s. Indeed, by faithful flatness there exists a prime ideal n < B with n n A = m. 
Using Zorn’s lemma we can find a maximal element of the set of all such ideals n, and this is easily 
seen to be a maximal ideal \n B. It follows that the residue field L = S/n is a field extension of 
K, so 

diuiK{K g)A M) = dimL(L ®k K ®a M) = dimL(L ®b [B <S)a M)), 
which is evidently equal to s. 

We now choose a finite generating set {mi ,..., mt} for M. For each subset S C {1,..., t} with 
IIS'! = s, we let fs ■ A^ —^Mhe the map a Ys o-sms, and we let Ps and Qg be the kernel and 
cokernel of fg- 

Next, we put Ig = ann(Qg) < A. If m is maximal as before, we claim that there exists S such 
that Ig ^ m. Indeed, as dimBr(K(S)M) = s, we can certainly choose S such that {m^ | * e S'} gives 
a basis for K (g^ M- It follows that K (g^ Qs = 0, or equivalently that mQs = Qg- The module 
Qg is generated by the elements mj for j ^ S, so we can find elements ujk G m for each j,k ^ S 
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such that nij = Ujkmk- Let U be the square matrix with entries Ujk and put u = det(J — U). 

As in [m Theorem 2.1], we see that u = 1 (mod m) and u G Is, so Is ^ m as claimed. 

It follows from this claim that Is is not contained in any maximal ideal, so Is = A. 
We can thus choose as £ Is with = 1. It follows that spec(A) is the union of the basic 

open subschemes D{as) = spec(A[ag^]). 

We have asQs = 0 and so (35[ag^] = 0, so the map fs becomes surjective after inverting 
as- It follows that the resulting map 1 ® /s: ®A AI is also surjective. Here 

both source and target are free modules of the same finite rank over B[a~^^], so our map must 
in fact be an isomorphism. As is faithfully flat over A[ag^], we deduce that fs actually 

gives an isomorphism > M[a'^^\. This shows that M is locally free of rank s, and thus is 

projective. □ 

Corollary 16.13. Let k be a ring, and let A be a formal k-algebra whose topology is defined by 
the powers of a single open ideal J (so A — lim Aj,1'^). Let M be a finitely generated A-module 

-m 

such that M = lim Let k' be a faithfully flat k-algebra, and put A' = k'®kA and 

*■ - m 

M' = k'(§kM = A'®aM. Suppose that M' is a free module of rank s over A'; then M is a 
projective module of rank s over A. 

Proof. First, note that the map A/J'^ —> A'/J'^A' = k' A/J"^ is a faithfully flat extension 
of discrete rings. We can thus apply the lemma and deduce that M/J'^M is a finitely generated 
projective module of rank s over AfJ"^. 

Next, as M is finitely generated, we can choose an epimorphism f: A* —* M for some t. Let 
Xm be the set of A-module maps g: M/J'^M {A/J'^Y such that the induced map 

M/J”^M ^ (A/J™)* 4 

is the identity. As M/J'^M is projective over Aj, we see that Xm is nonempty. There is an 
evident projection tt^ : Xm —> Xm-i, which we claim is surjective. Indeed, given g £ Xm-i we can 
use the projectivity of M/J^M again to see that there exists a map: M/J'^M —> (A/J™)* lifting 
g. Let 6 be the determinant of the resulting map fh: M/J'^M M/ J'^M, so 5 € A/ J'^. Because 
g £ Xm-i, we see that J maps to 1 in AfJ'^~^. As the kernel of the projection AfJ'^~^ AjJ”^ 
is nilpotent, it follows that <5 is a unit, so fh is an isomorphism. After replacing h by h(fh)~^ we 
may assume that fh=l,soh£ A„ and 7r(/i) = g. It follows that lim Xm Y 0; ^md this gives a 

m 

map g: M A* with fg = 1. Thus, M is a retract of a free module, and hence is projective. □ 

Corollary 16.14. Rr is a projective module of rank r! over Sr, so the projection C —^ jUr is 

a finite, faithfully flat map of degree rl. 

Proof. In Corollary 116.131 we take A = Sr and M = Rr. We know from Proposition 116. 6| that 
the topology on Sr is determined by powers of the ideal Jr = {ui,... ,Ur), and that Sr is neat 
in Rr- This means that the given topology on Rr is determined by the ideals JY'Rr- As Rr is 
complete, we deduce that Rr = lim Rr/JY'Rr- We next take k' = Os' to be a faithfully flat 

^^ _ 

extension of k such that the curve C' = S' XsC is embeddable; this is possible by Corollarv ll5.3l 

Using Lemma 116.111 we see that M' is topologically free of rank r\ over A', so we can apply 
Corollarv ll6.13l and deduce that Rr is projective over Sr- □ 

17. Classification of divisors 

Our main task in this section is to prove the following result. 

Theorem 17.1. Let C be a formal multicurve over a scheme S. Then for formal schemes S' over 
S, there is a natural bijection between divisors of degree r on S' x s C and maps S' —> C(Tir over 
S. 

Construction 17.2. We must first construct a universal example. We start by putting Ai = 
{{ai,... ,ar,b) £ \ b = at}, which is a divisor of degree one on C over C. If we define 
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di{a,b) = d(ai,b) then C>Ai = Rr+i/di- Now put 5^ = Oi£ Rr+i and Dr — = 

spf (i?r+i/^T-), which is a divisor of degree r on C over C’’. On the other hand, we note that 
5r G R-f+i = Sr®kR, so we can define Dr = spf((S'r<8)i?)/^r), which is a closed formal subscheme 
of jT,r Xs C. It is clear that Rr ^Sr ^Dr = ; which is free of rank r over Rr- We know 

from Corollary 116.141 that Rr is faithfully flat over Sr, and it follows from Lemma [16.121 that Oor 
is a projective module of rank r over Sr- Moreover, the relevant ideal is generated by the regular 
element 6r, so Dr is a divisor on C over C'' jT,r- 

Now put Qr = C'’'/Er for brevity. As in Section [HI we choose a topological basis {d} for 
Oc, and use it to construct a topological basis {e^ \ (3 G B} for Oq^. We then put M = 
spec(Z[to, ti,. ■.]), and put g = ^■ tid, regarded as a function on M x Qr x C. We then put 

h = NMxDr/MxQrig) S C>MxQr = I * > 0]e^. 

/3 

We claim that h is actually equal to Indeed, although this is an equation in OmxQt ) d ^dl 

suffice to prove it in the larger ring OmxC''- In that context, we can describe h as 
Now let TTj : C’’ —> C be the j’th projection. Using Proposition 114.131 we see that h = Y\^TT*g = 
tiTTjd- Expanding this out gives 


h=Y, 


E 

0&B \ T(a)=(} j /3eB 


as claimed. 

Now suppose we have a map c: S' —> Qr over S, and D = c*Dr over S'. We deduce easily that 


^MxD/MxS'ig) — t^C*{e'a)- 

0 


This shows that c*{e'fj) depends only on D, and {e^Jj | /3 G 5} is a topological basis for Sr, so the 
ring map c*: Sr Os' depends only on D, so the map c: S' C j'Er depends only on D. We 
record this formally as follows: 


Proposition 17.3. Suppose we have two maps Cq, Ci: S' —>■ C^’/E^ over S, and that c^Dr = c\Dr 
as divisors over S'. Then cq = Ci. □ 


Proof of Theorem \17.1\ Let S' be a scheme over S, and let A be the set of maps S' —> C’ jY^r over 
S, and let B be the set of divisors of degree r on C over S'. The construction c*Dr gives 
a map (f: A B, which is injective by Proposition 117.31 To show that (f is surjective, suppose 
we have a divisor D G B. We can choose a faithfully flat map q: T S' such that q*D has a 
full set of points, say u = [ui, ..., Ur). We deduce that q*D is the pullback of Dr along the map 
T ^ C', and thus is the pullback of Dr along the composite c = {T ^ C C/Yr). Now let 
qo,qi'- T xs' T —» T be the two projections, so qq^ = qqi- Note that 


{cqoTDr = q*oC*Dr = q^q* D = {qqo)*D, 


and similarly 


{cqi)*Dr = qlc*Dr = qlq*D = [qqiYD. 

As ggo = 99i we see that {cqo)*D — (cqi)*D, and so (by Proposition 117.3() we have ego = cqi- 
By faithfully flat descent, we have c = cq for a unique map c: S' —» C'jYr- We then have 
q*c*Dr = c*Dr = q*D, and using the faithful flatness of q, we deduce that D = c*Dr = ^(c). 
This shows that (j) is also surjective, and thus a natural bijection. □ 


Definition 17.4. In the light of Theorem ll7.ll it makes sense to write Divj((C') for C jYr- The 
evident projection 

C 7 E, xs C 7 E, = C’'+V(E, X E,) C"+ 7 E,+, 


Ur,s'- Div^C) XsDiv^C) ^ Div7s(C'). 


gives a map 
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It is easy to check that this classifies addition of divisors, in the following sense: if we have divisors 
D = u*Dr and D' = v*Ds on C over S", then D + D' = w*Dr+s, where 

^ = ^S' ^ Div+(C) xs Div+(C') ^ Div++,(C')). 

We put Div^(C') = ]J^Div^(C'). As one would expect, this is the free abelian monoid scheme 
generated by C; see [24l Section 6.2] for technical details. 

Definition 17.5. Now suppose that C has an abelian group structure, written additively. We 
can then define fl: Xs C’"'* by 

: Ur—15 flQ; ■ ■ • : ^s — l^i+rj — Cli bj 

(for 0 < f < r and 0 < j < s). The composite 

C"- xsC" A C’’" ^ 
is invariant under Sr x Sg, so we get an induced map 

fXr,s' Divr(C') Xs Divs(C') —> Div rs (C). 

If we have divisors D = u*Dr and D' = v*Ds on C over S', then we define D*D' to be the divisor 
w*Drs, where 

w = {S' Div+(C') xs Div+(C') y Div+(C)). 

We call this the convolution of D and D'. This operation makes Div^(C') into a semiring. If we 
have full sets of points, say D = and D' = then D * D' is just -[oi + bj]. 

Proposition 17.6. Let D and D' be divisors on C over S. Then there exists a closed subscheme 
T C S such that for any scheme S' over S, we have S' Xs D < S' xg D' iff the map S' S 
factors through T. 

Proof. As Od is finitely generated and projective over Og, we can choose an embedding i: Ou —> 
Og of Os-modules, and a retraction r: Og —*■ Og,- We then have iifo') = (u1)---)Ua) for 
some elements Oj G Og, and we put J = {ai,... ^qn) and T = spec{Og/J). We find that a 
map S' —> S factors through T iff J maps to 0 in Og>, iff fw maps to 0 in Og' ®Os ^d, iff 
S' xg D CS' xg D'. □ 

Proposition 17.7. Let D be a divisor on C over S, and suppose that r > 0. Then there is a 

scheme Subr(D) over S such that maps S' Subr(D) over S biject with divisors D' < S' xg D 

of degree r. 

Proof. Over the formal scheme Div]!' {C) we have both the originally given divisor D and the 
universal divisor Dr. We let Subr(D) denote the largest closed subscheme of Div(((C) where Dr 
is contained in D (which makes sense by Proposition 117.61) . It is formal to check that this has the 
required property. □ 

Proposition 17.8. Let D be a divisor on C over S, and suppose that r > 0. Then there is a 

scheme Pr{D) over S such that maps S' —» Pr{D) over S biject with lists (ui, ... ,Mr) of sections 

of C over S' such that S' xg D. 

Proof. Over the formal scheme C we have both the originally given divisor D and the divisor 
D*". We let Pr{D) denote the largest closed subscheme of C where Dr is contained in D (which 
makes sense by Proposition 117.61) . It is formal to check that this has the required property. □ 

Remark 17.9. Suppose that D has degree r. Then Pr{D) classifies r-tuples for which ^ 

but by comparing degrees we see that this means that '^^[ui] = D. Thus, Pr{D) classifies full sets 
of points for D. 

Lemma 17.10. Suppose we have ring maps A B C, and C is a projective module of degree 
m > 0 over B, and also a projective module of degree nm > 0 over A. Then B is a projective 
module of degree n over A. 
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Proof. We can use the second copy of B to make Hom^(i?, B) into a i3-module. For any B-module 
N there is an evident map Homyi(_B, B) N Homyi(i?, TV). This is evidently an isomorphism 
if is a free module of hnite rank, and thus (by taking retracts) also when N is projective of hnite 
rank over B. In particular, we have Hom. 4 (i?,i?) C = Hom^(i?,C'). As C is also projective 
over A, the same kind of argument shows that 

HomA(i?, C) = HoinA(B, A) (g)A C = (Hom^(i?, A) B) C. 

It follows that (Homy 4 (i?, A) (Si a B) Sb C = Hom^(i3, B)SbC. More precisely, there is a natural 
map 

a : Hom.4(i?, A) B Homyi(i?, B), 

given by a(0 S b){b') = (l){b')b. By working through the above argument more carefully, we 
see that a Ic is an isomorphism. However, C is faithfully flat over B so a itself must be an 
isomorphism. In particular, we see that 1b lies in the image of a, so Is = Sti oi{4>iSbi) for some 
maps (fi'. B ^ A and elements bi G B. This means that for all 5 G 5 we have b = (j)i{b)bi. We 
can use the elements (fi to give a map (j)\ B A^, and the elements bi to give a map (3: A^ —» B. 
We find that = 1, which proves that B is projective. It is now clear that the rank must be 
n. □ 

Proposition 17.11. Let D be a divisor of degree s on C over S, and suppose that 0 < r < s. Then 
there are natural maps Pr{D) ^ Subr(D) S which are finite and very flat, with deg(p) = r! 
and deg(g) = s!/(r!(s — r)!) (so deg{qp) = s\/{s — r)\). 

Proof. Over Pr{D) we have tautological sections ui,...,Ur of C giving a divisor D( := 
on C. This is contained in {qp)*D, so we can form the divisor D'f := {qp)*D — D(, which has 
degree s — r over Pr{D). It is easy to identify Pr+i{D) with D'f, so deg(Pr+i(.D) —^S) = 
{s — r) deg{Pr{D) —> S). By an evident induction, we see that the map pq is finite and very flat, 
with degree s!/(s — r)!, as claimed. 

Next, let D be the tautological divisor of degree r on C over Subr.(I?). We can then form 
the scheme Pr{D), which classifies full sets of points on D. As above, we see that the map 
Pr{D) Subr(P) is finite and very flat, with degree r\. We claim that Pr{D) = Pr{D). Indeed, 
a map S' Pr{D) over S corresponds to a map S' Suhr{D), together with a lifting to Pr{D). 
Equivalently, it corresponds to a divisor of degree r contained in S" Xg D, together with sections 
ui,..., Ur'. S' —> C giving a full set of points for that divisor. The full set of points determines 
the divisor, so it is equivalent to just give sections Ui with Si S' Xs D, or equivalently, a 

map S' —> PrD over S. The claim follows by Yoneda’s lemma. It follows that the map p is finite 
and very flat, with degree rl. We can now apply Lemma llT.IOI to see that q is finite and very flat, 
with degree s!/(r!(s — r)!). □ 

Proposition 17.12. For the universal divisor Dg over Divj"(C) we have 

SnhriDg) = Div+(C) xs Div+_,(C) 

Pr{Dg)=C'^ XsBwt-r{C). 

Proof. Let S' be a scheme over S. Then a map S' Subr(I?s) over S corresponds to a map 
S' Div^C), together with a lifting to Subr(Ps). Equivalently, it corresponds to a divisor D of 
degree s on C over S', together with a subdivisor D' < D oi degree r. Given such a pair [D, D'), 
we have another divisor D" = D — D', which has degree s — r. There is evidently a bijection 
between pairs {D, D') as above, and pairs {D', D") where D' and D" are arbitrary divisors of 
degrees r and s — r. These pairs correspond in turn to maps S' —> Div)( (C) Xs DivXr(C') over 
S. The first claim follows by Yoneda’s lemma, and the second claim can be proved in the same 
way. □ 

Corollary 17.13. We have Dg = DivXi(C') Xs C = C/’Sg-i. 

Proof. Take r = 1, and observe that PflDg) = Subi(Ds) = Dg and Divj''(C') = C. 


□ 
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18. Local structure of the scheme of divisors 

Let C be a formal multicurve over a base S. In the nonequivariant case, we know that 
Div^(C') cs spf((!ls|ci,..., c„]) = Ag, so Div^(C') is a formal affine space of dimension n over 
S. Equivariantly, this is not even true when n = 1. However, we will show in this section that 
Div^ (C) is still a “formal manifold”, in the sense that the formal neighbourhood of any point is 
isomorphic to Ag, at least up to a slight twisting. Later we will apply this to calculate E^BU{V), 
where BU{V) is the simplicial classifying space of the unitary group of a representation V of A. 

We state the result more formally as follows. 

Theorem 18.1. Let C = spf(i?) be a formal multicurve over S = spec(fc), with a difference 
function d. Let s: S Div^(C') be a section, classifying a divisor D = spf(i?/J) C C. Then 
the formal neighbourhood of sS in Div^ (C) is isomorphic to the formal neighbourhood of zero in 
Map 5 (Il, Ag) (by an isomorphism that depends on the choice of d). 

The rest of this section constitutes a more detailed explanation and a proof. 

We first examine the two formal schemes that are claimed to be isomorphic. We put Aq = 
and Xq = spf(Ao) = Div^(C'). The section s corresponds to a fc-algebra map Aq —> k, 
with kernel K say. We put A = (Aq)^ and X = spf (A). This is the formal neighbourhood of sS 
in Div+(C'). 

Now consider the scheme Yq = Mapg(Zl, A^). For any scheme T over S, the maps T Yq 
over S are (essentially by definition) the maps D Xs T of schemes, or equivalently the 

elements in the ring On <8)fc Or- These biject with the maps Of, = Homfc(0£), A) ^ Ot of k- 
modules, or with the maps Bq = Sym^[0))] Or of fc-algebras. Thus, we have Yq = spec(i?o). 
We let B be the completion of Bq at the augmentation ideal, and put Y = spf(H), which is the 
formal neighbourhood of the zero section in Iq- Of course Bq is just the direct sum of all the 
symmetric tensor powers of Of, and B is the direct product of the same terms. If 0 _d is free over 
k (rather than just projective) then B is isomorphic to A:[ci,..., c„]; in the general case, it should 
be regarded as a slight twist of this. Note that maps T Y over S biject with fc-linear maps 
Of —> Ni^Or), or equivalently elements of Od Nil(0T)- Note also that a choice of generators 
xi,... ,Xr for of gives a split surjection k\xi, ..., Xr\ —> B. 

There is an evident map 

a: Div^)!:!) = Aq Iq = Map 5 (D, Ag), 

sending the section s' classifying a divisor D' to the function (/d')|l> • D ^ A^. This clearly sends 
s itself to zero, so it sends the formal neighbourhood of s to the formal neighbourhood of zero, so 
it gives a map a: X —> T. We shall show that this is an isomorphism. 

Note that because D and D' have the same degree, we have s' = s if and only if fo' is divisible 
by /d, if and only if a(s') = 0. This shows that the kernel K of the map s* : Aq —> fc is generated 
by the image under a* of the augmentation ideal in Bq. In particular, we see that K is finitely 
generated. 

Because Od = R/J is projective over k, we can choose a fc-submodule P < R such that 
R = P (B J. It follows that the map P ^ R ^ Od is an isomorphism, with inverse ^ say. 

Lemma 18.2. Let I < k be a finitely generated ideal with I™ = 0, and let g G R be such that 
g = fD (mod LR). Then g is a regular element, the ideal Rg is open, and we have R = Rg © P. 

Proof. A standard topological basis for R gives an isomorphism R = Y\ik, and using the fact that 
/ is finitely generated we see that Pi? = {IRf = Hi ■ We thus have a finite filtration of R with 
quotients Hi P 

Now consider the fc-linear self-map of R given by \{qfD Y r) = qg + r for q G R and r € P. 
This is easily seen to induce the identity map on the quotients of the above filtration, so it is an 
isomorphism. It follows easily that g is regular and R = Rg © P. 

As H is a divisor, we know that i?/_D is open. Thus, for any good parameter y we have y^ G RfD 
for large /, say y’’ = ufD- We also know that fD=g + hior some h G IR, so y^ = uh (mod g). 
As I™ = 0 we have y*™ = u"'h"' = 0 (mod g), so Rg is also open. □ 
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We now define a map [3 from sections of Y to sections of X. A section of Y is an element 
r G Nil(fc)0£). As Od is finitely generated we have r G IOd for some finitely generated ideal 
I < Nil(/c), and by finite generation this satisfies I™ = 0 for some m. We can thus apply the 
lemma to the function g = fjj + G R and conclude that the subscheme D' = spec{R/g) is 
a divisor of degree n, classified by a section s' of Xq say. Over the subscheme spec(fc//) C S 
it clearly coincides with s, so {s')*{K) < I, so (s')* (A'™) = 0. This shows that s' is actually a 
section of X, as required. We can thus define /3(r) = s'. 

In order to define a map [3: Y X oi formal schemes over S, we need to define maps Pt from 
sections of Y over T to sections of X over T, naturally for all schemes T over S. For this we just 
replace C by T x 5 C, P by Ot ®k P and follow the same procedure. 

We now define another map a': X ^ Y. It will again be sufficient to do this for sections 
defined over S. Let s' be a section of X, classifying a divisor D'. Put I = {s')*K < k; this is 
finitely generated because K is, and nilpotent because s' lands in X. Over spec(fc//) we have 
D' = D, so fo' = fo (mod IR). The lemma tells us that R = Rfo' © P, so there are unique 
elements h G R and p G P such that fu = hfo' — P- By reducing modulo I we see that h = \ 
(mod IR) and p G IP. We let r be the image of p in R/fo = Od, so r G IOd and ^(r) = p. The 
map a': X Y is defined by a'(s') = r. Note that h is invertible so /d' is a unit multiple of 
Id + P = fa + ^(?’)) so D' = spec{R/{fD + ^(r))) = P{r). This shows that Pa' = 1. 

In the other direction, suppose we start with r G IOd and put D' — spec{R/ {Jd + C(?'))) 
(corresponding to P{r)). There is then a unique element p G P congruent to —Jd modulo Jd', 
and a'P{r) is by definition the image oip in Od- It is clear that —Jd is congruent to ^(r) modulo 
fo + ^{r), which is a unit multiple of Jd', so p = ^(r) and a'P{r) = r. This shows that a'P = 1, 
so a' and P are isomorphisms. 

We actually started by claiming that the (slightly more canonical) map a is an isomorphism. 
As P is an isomorphism, it suffices to check that the map aP: Y —^ P is an isomorphism, or that 
{aPY is an automorphism of Oy = B. As P is the completed symmetric algebra of a finitely 
generated projective module, it will suffice to show that (a/3)* is the identity modulo the square of 
the augmentation ideal. By base-change to the universal case, it will suffice to show that a/3(r) = r 
whenever r G IOd with P = 0. Given such an r, we form the divisor D' = spec{R /{/d + C(^))) 
corresponding to /3(r), and observe that Jd' = u{fD + ^{r)) for some u G R^. As Jd' = Jd 
(mod IR) we must have u = 1 (mod IR). As ^{r) G IR and P = 0 we have u^{r) = ^(r) and so 
fo' = ^(r) (mod /d), so aP{r) = r as claimed. 

19. Generalised homology of Grassmannians 

Gonsider a periodically orientable theory E with associated equivariant formal group C = 
spi{E°PU) over S = spec(i3°). Let GrU be the space of r-dimensional subspaces of U, and put 
GU = GrU. Here we reprove the following result from 

Theorem 19.1 (Gole, Greenlees, Kriz). There are natural isomorphisms 

E.,GrU = {E^PU)®1 

E*GrU = {{E*PU)®Y^'- 

spi{E^GrU) = 

We first introduce some additional structure. Rather than working with spaces, it will be 
convenient to use (pre)spectra that happen to be homotopy equivalent to suspension spectra of 
spaces. Recall from m that an orthogonal prespectrum X consists of a space X{V) for each finite¬ 
dimensional inner product space V, together with maps a*: X{V) —> X(W) for each isometric 
isomorphism a: V ^ W and maps a: A X{V) X{U OV) satisfying certain axioms. The 

category of orthogonal prespectra has a smash product, defined so that pairings X{U) A Y{V) 
Z{U © V) satisfying some obvious axioms biject with maps X AY —> Z. There is a parallel theory 
of equivariant unitary prespectra, where we use unitary representations of A rather than inner 
product spaces. Our work in this section will be based on that theory. 
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For any complex inner product space V, we put 

E„(V) = S^GV+ = y ^'^GrV+. 

r 

Using the evident maps GrU x GgV —> Gr+s{U © V) we get maps nuy- Ro{U) A Ro{V) —> 
RoiU © V). We also have inclusions r]u' = E^G'oC/+ —> Ro{U). These maps make Rq 
into a commutative and associative ring in the category of unitary prespectra. All this works 
equivariantly in an obvious way. The weak homotopy type of Rq is 

Ro ~ lim E-^S“i?o(C/) = lim E“G[/ = = E“]Jg^G. 

C/<W (7<W ’’ 

We write QrRo for the subfunctor V S^GrV+, so that i?o = Vr and QrRo — ^"^GrU. 

In particular, we have QqRo = and QiRo = T,^PU. This gives a map E^,PU E^^Rq and 
thus a ring map Sym^^ E^,PU —> E^,Rq. The theorem says that this is an isomorphism. For the 
proof, we need some intermediate spectra. Let T denote the tautological bundle over G^U. For 
any representation W, we put 

QrRwiV) = 

Rw{V) = y QrRwiV) = 

r 

This again gives a commutative unitary ring spectrum, with weak homotopy type Rw — 

In the case IF = 0 we recover Rq as before. An inclusion W W' gives a ring map i : Rw Rw ■ 
In particular, we have a ring map Rq —> Rwi whose fibre we denote by Jw- This is weakly equiv¬ 
alent to the stable fibre of the zero section GU+ ( 7 ^Hom(T,iu)^ jg |.]^g sphere bundle of 

the bundle Hom(T, W) over GU. 

Next, recall that there is an isometric embedding U ®W —> G, and that the space of such 
embeddings is connected. We have 

= p^Hom(T.lU) ^ ^ W)IPW ~ PUIPW. 

Using this, we have a diagram as follows, in which the rows are cofibrations: 

PIU+-^ PG+-^ PUIPW 


The map PU/PW —* Rw gives a ring map 

6w ■■ Sym^;^ E^{PU, PW) E^Rw- 
Theorem 19.2. The above maps 9w are isomorphisms. 

The proof will be given after some preparatory results. 

First, suppose we have representations W and L with dim(L) = 1. We put W' = W ® L and 
investigate the fibre of the map Rw Rw- We may assume that W' < G, and then we have a 
map 

^Hom(L,VU) _ p2^Hom(T,lU) ^ p^Hom(T,lU) ^ 

which we denote by hw,L- Multiplication by bw,L gives a map r^ r^^ which we 

again denote by bw,L- (Note that this sends into Qr+iRwi or in other words, 

it increases internal degrees by one.) 

Proposition 19.3. The sequence 


Rw Rw®l = Rw 


is a cofibration. 


EHom(iW)p^ 
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Proof. This is a special case of the following fact. Suppose we have a space X with vector bundles 
U and V. Let S{U) for the unit sphere bundle in U, and D{U) for the unit disc bundle, so is 
homeomorphic to D{U)/S{U). We can pull back V along the projection q: S{U) —> X and thus 
form the Thom space S{U)‘^ ^ = (S(U) Xx D(V))/(S(U) Xx S(V)). It is not hard to see that 
there is a cofibration 

We will apply this with X = GU and V = Hom(T, W) and U = Hom(r, L), so that X^ = Rw 
and X^®^ = R\yi. To prove the proposition, we need to identify S{U)'^ ^ with Rw■ 

To do this, observe that S{U) is the space of pairs {M,a) where M is a finite-dimensional 
subspace of U and a: M —> L is a linear map of norm one. As L has dimension one, we find that 
a can be written as the composite of the orthogonal projection M M ©ker(a) with an isometric 
isomorphism M 0 ker(a) —> L. Using this, we identify S{U) with the space of pairs {N, (3), where 
N is a. finite-dimensional subspace of U and (3: L —^UoNisan isometric embedding; the 
correspondence is that M = N (B (3{L) and 

a = {N® (3iL) ^ (3{L) ^ L). 

We can thus define a map fc: S{U) GU by k{N,P) = N (or equivalently, k{M,a) = ker(a)). 
This makes S(U) into an equivariant fibre bundle over GU. The fibre over a point N S GU is the 
space C{L,UqN), which is well-known to be contractible, and the contraction can be chosen to be 
equivariant with respect to the stabilizer of N in A. It follows that k is an equivariant equivalence. 
We next analyse the inverse of k (which will help to make the above argument more explicit). 
Recall that L < W <U, so we can put 

Y = [N G GU I N is orthogonal to L} = GiU 0 L). 

Define j\Y —^ AT by j{N) = N (B L, and then define j:Y—* S{U) by 

j{N) = {N ® L, proj: N ® L L), 

so qj = j. Clearly kj: Y = G{U 0 L) —> GU = AT is just the map induced by the inclusion 
UqL —> U. As the space of linear isometries between any two complete A-universes is equivariantly 
contractible, we see that this inclusion is an equivariant equivalence. As the same is true of k, 
we deduce that j is also an equivariant equivalence. We can thus identify S{U) with Y and 
q: S{U) X with j: Y X. It follows that we can identify q*V with j*V, but the fibre of j*V 
over a point N gY is Hom(j(A^), kb) = Hom(L, W) © Hom(Af, W), so 

_ j^Hom(L.lV)yHom(T.lV) ^ 

This gives a cofibration Rw Rw, and one can check from the definitions 

that the first map is just multiplication by bw,L- D 


Now choose a complete flag 

0 = lUo < lUi < ... < W, 

where dime Wi = i and U = lim Wi. Put R{i) = Rwi, so we have maps 

- 

Rq = i?(0) R{1) R{2) -^ .... 

Put Li = Wi+i 0 Wi and Ui = Hom(Li, kU) and bi = bwi,Li, so we have a cofibration 

^^^R{i) ^ R{i) ^ R{i + 1). 

Lemma 19.4. Suppose that B < A, and split W as kb[/?] the usual way. Then 

(f) Rw = f\ Rwibb 


where as before 

W[I3] ={wGW\bw = e^^^h(b)yj fgr all b G B}, 
and so the connectivity of {(f> Rw)/S^ is at least min^(2dimc(IU[/3]) — I). 
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Proof. We have 

(p^GU = (GU)^ = { _B-invariant subspaces oiU }. 

Any complex representation U oi B splits as so a subspace U < U is invariant iff it is 

the direct sum of its intersections with the subspaces U[f3]. It follows that 

(GU)^ = W_GU\I3] ~ 

/3 /3 

We have a tautological bundle T[/3] over GU[(i], and the bundle Homes(T, W) over {GU)^ is the 
external direct sum of the bundles Homc(r[/3], W[/3]). The Thom complex is 

just -Rvu[/ 3 ]) and it follows that is just the smash product of these factors, as 

claimed. 

For the last statement, note that if A is a space and G is a vector bundle of real dimension d 
over A, then A^ is always {d — l)-connected. Now let V be a complex universe, and V a complex 
vector space of finite dimension d. The bundle Hom(r, V) over G^V has real dimension 2rd, so 
conn(Qr.Ru) > 2r(i — 1, and 

conn(i?v/S'°) = conn{\J QrRv) > 2d — 1. 

r>0 

The claim follows easily. □ 

Corollary 19.5. lim R(i) = S'°. 

Proof. The unit map —> QqR{i) is an isomorphism for all i, so lim QoR{i) = S^. It will 

-*'2 

thus suffice to show that lim R{i)/S^ = 0, or equivalently that the spectrum f (lim R{i)/S^) = 

- 

lim (((/) R{i))/S'^) is nonequivariantly contractible for all B. As G is a complete universe, we have 
dim Wi[/3] —> oo as i —+ oo for all /3, so conn(0 R{i)/S^) —> oo, and the claim follows. □ 


We now let A be a periodically oriented theory, with orientation x say. This gives a universal 
generator Ui for EqS^% and a basis {cj | z > 0} for EqPU. Put 

ER{i) = Symg^ A,(PG, PW,) = E^Cj \ j > i] = ER{0)/{ck \ k < i), 

and let QrER(i) be the submodule generated by monomials of weight r (where each generator Cj 
is considered to have weight one). We then have maps 

di = dwi ■ ER(i) —> E.^R[i), 


which restrict to give maps 

dir'. QrER{i) —> E^QrR{i). 

The elements Ui and Cj are related as follows: the inclusion PLi PU gives an inclusion —> 
p^Hom(T,Wi) ^ /ptFi, and the image of Ui under this map is the same as the image of Ci under 

the evident quotient map PU — > PU/PWi. It follows that the cofibration YF'R{i) R{i) — > 
R{i + 1) gives rise to a cofibration 

E A R{i) ^EA R{i) E A R{i + 1), 


which restricts to give a cofibration 

E A Qr-iR{i) E A QrR{i) —rEA QrR{i + 1). 


Proposition 19.6. The maps dir are isomorphisms for all i and r. 
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Proof. The maps Ojo and 9ji are visibly isomorphisms, so we may assume inductively that 
is an isomorphism for all j. The cofibration displayed above gives a diagram D(i) as follows, with 
exact rows: 


Qr-iER{i)' 


~ QrER(i) 
Si, 

■ EtQrR{i) 


~ Qj.ER{i + 1) 

9i + l,r 

■ EtfQrR(i + 1 ) 


We first prove that Oir is surjective for all i. Let 0(z) be the image of so the claim is that 
0(z) = EtQrR{i). For j > i we write K{j) for the kernel of the map E^:QrR{i) —> E^QrR{j). 
Clearly K{i) = 0 < 0(i). Suppose that K{j) < 0(i), and consider the diagram D{j). Suppose 
that a G K{j + 1). Let b be the image of a in E^:QrR{j), so qjr{b) = 0. As the bottom row of 
D(j) is exact and dj,r-i is an isomorphism we see that there exists c G QrER(j) with 0j>(c) = b. 
Moreover, the map QrER{i) —> QrER{j) is epi, so we can lift c to get an element d G QrER{i). 
Now a — 9ir{d) G K{j) < 0(z) and visibly 9ir{d) G 0(z) so a G 0(z)- It follows by induction 
that K{j) < 0(i) for all j. Moreover, Corollary 119.51 implies that E^:QrR{i) is the union of the 
subgroups K{j), so 0(z) = EtQrR{i) as required. 

We now see that in D{i), the vertical maps are surjective, so qir is surjective. As the bottom 
row is part of a long exact sequence and the right hand map is surjective, we conclude that the 
bottom row is actually a short exact sequence. Using the snake lemma, we conclude that the 
induced map ker(0ir) ker(0i_|_i^r) is an isomorphism. It follows that for any m > i, the map 
ker(0ir) ker(0mr) is an isomorphism. However, we have ker(0ir) ^ QrER{i), and it is also clear 
that when r > 0, any element of QrER{i) maps to zero in Qj.ER{m) for m ^ 0. It follows that 
ker(0ir) must be zero, so 9ir is an isomorphism as claimed. □ 


Proof of Theorem \19.2[ Given any subrepresentation W < U, we can choose our flag {Wi} such 
that W = Wi for some i. The theorem then follows from Proposition 119.61 □ 


20. Thom isomorphisms and the projective bundle theorem 

Let if be a periodically orientable A-equivariant cohomology theory, with associated equivariant 
formal group (C,(f) over S. For any A-space X, we will write Xe = spf(E^X). 

Now let V be an equivariant complex vector bundle over X. We write PV for the associated 
bundle of projective spaces, and X^ for the Thom space (so X^ = P(V QC)/PV). In this section, 
we will give a Thom isomorphism and a projective bundle theorem to calculate E*X^ and E*PV. 

First, it is well-known that equivariant bundles of dimension r over X are classified by homotopy 
classes of A-maps X —+ Grid. (See for example [2 Section 1.6].) We saw above that E^GrU = Sr, 
and moreover the standard topological basis {e^j} for Sr is dual to a universal basis for E^GrU. 
It follows that {GrU)E = jUr = Div)((C). 

Now let T denote the tautological bundle over GrU. It is not hard to identify the projective 
bundle PT Grid with the addition map 

Gr-lld XPU = Gr-lU X GiU -4 GrU, 

and thus to identify E°PT with Sr-i^R — so PTe = fYir-i. On the other hand, 

we can use Corollarv ll7.1,1l to identify C'’'/Er-i with the universal divisor Dr over G'^ jEr. 

Now suppose we have a vector bundle V over X, classified by a map c: X GrU, so c*T ~ V. 
The map c is then covered by a map c: PV PT, which gives a map c* : Oor = E^PT —* E^PV. 
We can combine this with the evident map E*X E*PV to get a map 

dx,v ■■ Oor ®Sr E*X E*PV. 

Theorem 20.1. For any X and V as above, the map 9xy Is an isomorphism (and so E*PV is 
a projective module of rank r over E*X). 

Proof. We first examine the simplifications that occur when V admits a splitting V = Li©.. .®Lr, 
where each Li is a line bundle. In this case, the classifying map X —> GrU factors through PU^, so 
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the map Sr E^X factors through Rr- As O^r ^Sr^r = Og , we see that 9x,v is the composite 
of an isomorphism with a map 

^'xy ■■ (g>Rr E*X E*PV. 

Next, choose a coordinate a: on C and define a difference function d(a, b) = x(b — a) as usual. 
Define a function di on by 

dj(ai,..., ar, h) = d{ai, b) = x{b - at), 

as in Construction 117.21 We then put Ci = Wj^idj. By the method of Proposition 12.211 we see 
that {ci,... ,Cr} is a basis for over Rr, so 9'^ y is just the map {E*Xy —*■ E*PV given by 

(tl, ...,tr)l-^ 

Now consider the case where X is a point, so V is just a representation of A. In this case there 
is always a splitting V = Li Q ... (B Lr as above, where Li = La- for some ai G A*. In this 
case the image of Ci in E^PV is just the element xu^_^ from Corollary [AH so the map 9x,v is an 
isomorphism. 

More generally, suppose that X is arbitrary but Id is a constant bundle, with fibre given by a 
representation W = Yi say. As the elements xjji form a universal basis for E*PW, we see that 
E*PV = E*X (g)E- E*PW = E* .xui and it follows easily that 9x,v is again an isomorphism. 

Now consider the case X = A/i? for some B < A. It is easy to see that any bundle over X has 
the form A Xb Wo for some representation Wo of B. However, as A is a finite abelian group, we 
can find a representation W of A such that W|b = Wq, and it follows that A Wq is isomorphic 
to the constant bundle A(B x W. It follows that 9x,v is again an isomorphism. 

Now let X and V be arbitrary, and suppose we can decompose X as the union of two open 
sets Xq and Xi, with intersection X 2 . Suppose we know that the maps 0Xi,u are isomorphisms 
for I = 0,1 and 2; we claim that 9xy is also an isomorphism. Indeed, the decomposition gives 
a Mayer-Vietoris sequence involving E*X. We can tensor this by the projective module Onr 
over Sr, and it will remain exact. Alternatively, we can pull back the decomposition to get a 
decomposition of PV, and obtain another Mayer-Vietoris sequence. The 9 maps are easily seen 
to be compatible with these sequences, so the claim follows by the five lemma. 

We can now now prove that 9x,v is an isomorphism for all X and V, by induction on the 
number of cells and passage to colimits. □ 

Corollary 20.2. If V is an equivariant vector bundle over X, then the formal scheme DiV) := 
PVe is a divisor on C over Xe, of degree equal to the dimension of V. Moreover, we have 
D(y © W) = D{V) + D{W) and D{V © W) = D(y) * D{W). 

Proof. The first statement is clear from the theorem. We need only check the equation D{V®W) = 
D{V) + D{W) in the universal case, where X = GrU x GsU. As the map PW^^^ —> Grid x Ggld 
induces a faithfully flat map ^ G"^ jEr xg G^ jEs, it suffices to check that equation for the 

obvious bundles V = Li Q ■ ■ ■ G) Lr and W = Lr+i © ■ • • © Lr+s over PU''^’^, in which case it is 
clear. A similar approach works for convolution of divisors. □ 

We next consider the Thom isomorphism. 

Definition 20.3. Let C be a formal multicurve group over S, with zero section (f:S—*G. Given 
a divisor D on G over S, we let Jd denote the kernel of the restriction map Oc Od, which 
is a free module of rank one over Oc- We also use the map C*: Oc Os to make Os into a 
module over Oc, and we define L{D) = Os ©Oc Jd, which is a free module of rank one over 
Os, or equivalently a trivialisable line bundle over S. We call this the Thom module for D. More 
generally, given a scheme S' over S and a divisor D on G over S', we obtain a trivialisable line 
bundle L{D) over S'. 

Remark 20.4. Note that ker(C*) = J[o] and that JdJ[o] = Je>+[o]. It follows that 

L{D) = Jd/Jd+[o] = ker(0£i+[o] —> Od). 
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Remark 20.5. If we fix a coordinate x and put d{a, b) = x{b — a), we get a generator fjj for Jjj 
as in Definition 114.31 and thus a generator w_d = 1 ® /d for L{D), which we call the Thom class. 
However, these generators are not completely canonical because of the choice of coordinate. 

We also define the Euler class cd to be the element /d(0) = C*/l> € Os- Note that \i D = [m] 
for some section m, then foia) = x(a — u) and so eo = x{—u) = x(u). 

Remark 20.6. For any two divisors D and D', we have Jd+d' = JdJd', which can be identified 
with Jd ®Oc Jd' (because Jo and Jd' are each generated by a single regular element). It follows 
that L{D + D') = L{D) ®Os terms of a coordinate, we have ud+d' = ud ^ uq' and 

gd+d' = eoeD'- 

Theorem 20.7. Let V be an equivariant complex bundle over a space X, giving a divisor D{V) = 
PVe on C over Xe as in Corollary \20.2\ and thus a free rank one module L{D{V)) over E^X. 
Then there is a natural isomorphism E^X^ = L{D{V)) (and E*X^ = L{D{V)) ^e°x E*X). 
Moreover, if we choose a coordinate and thus obtain a Thom class ud{v) as in Remark \20.5\. then 
this gives a universal generator for E^X. 

Proof. Consider the cofibration P{V) —> P{V © C) —> X^. Using Theorem 120. II we see that 
E*P{V) = E*X (^Eox Od(v) 

E*P{V © C) = E*X ®E°x Oe{v®c) = E*X ®eox C^D(y)+[o]- 

As the map p: OE(y)+[ 0 ] ^d(v) is a split surjection of U°A-modules, we see that the long 

exact sequence of the cofibration splits into short exact sequences. As ker(p) = L{D{V)), we see 
that E*X^ = L{D{V)) ®e°x E*X. By looking in degree zero, we see that E°X^ = L{D{V)). 
As this isomorphism is natural in A, it is easy to see that the generator is universal. □ 

Remark 20.8. If we have two bundles V and V', the above results give 

E°XV®V' ^ l{D{V © U')) = L{D{V) + D{V')) 

= L{D{V)) ^Eox L{D{V')) = &X^ ®E0 E°X^'. 

One can check that this isomorphism E^X^ ^E°X^ = is induced by the usual diagonal 

map A^ A A^'. 

Definition 20.9. We write uy for ue(v)i and call this the Thom class of V. We also write ey 
for eE(v)i and call this the Euler class of V. (Using Remark [20.51 we see that this is consistent 
with the definition for line bundles given in Section [SI) 

It is easy to see that the Euler class is the pullback of the Thom class along the zero section 
A —> A'^, and that ey^w = eycw- 

Now suppose that r < dim(U), and consider the space Pr{V) consisting of all tuples (a;; Li,..., Lr) 
where x € X and the Li are orthogonal lines in I 4 . Recall also that Pr{D{V)) is the classifying 
scheme for r-tuples (ui,..., Ur) of sections of C such that — DiV), as in Proposition [TU8l 

Proposition 20.10. There is a natural isomorphism Pr(V)E = Pr{D{V)). 

Proof. For each i we have a line bundle over Pr{V) whose fibre over {x,Li,..., Lr) is Ly This is 
classified by a map Pr{V) —> PU, which gives rise to a map Ui'. Pr{V)E C. The direct sum of 
these line bundles corresponds to the divisor [mi] + ... + [m^]. This direct sum is a subbundle of 
V, so [ui] + ... + [ur] < D{V). This construction therefore gives us a map Pr{V)E Pr{D{V)). 

In the case r = 1 we have Pi{V) = PV and Pi{D{V)) = D{V) so the claim is that {PV)e = 
D{V), which is true by definition. In general, suppose we know that Pr-i{V)E = Pr-i{D{V)). 
We can regard Pr{V) as the projective space of the bundle over Pr-i{V) whose fibre over a point 
(x, Li ,..., Lr-i) is the space 14 © (Ai ® ■ ■ • ® Tr-i)- R follows that Pr{V)E is just the divisor 
D{V) — ([mi] + ... + [it^-i]) over Pr-i{D{V)), which is easily identified with Pr{D{V)). The 
proposition follows by induction. □ 
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We next consider the Grassmannian bundle 

Gr{V) = {(x, W) I X S X , W <Va: and dim(W) = r}. 

Proposition 20.11. There is a natural isomorphism Gr{V)E = Suhr{D(V)). 

Proof. Let T denote the tautological bundle over Gr{V). This is a rank r subbundle of the 
pullback of V so we have a degree r subdivisor D(T) of the pullback of D(V) over Gr(P)_E- This 
gives rise to a map /: Gr(V)E Subr.(Il(P)), so if we put A = Gsub^(D(u)) ^ map 

/* : X —> E^Gr(V), and we must show that this is an isomorphism. Now consider the tautological 
divisor D of degree r over Subr(Il(P)). As the module B = Op p is faithfully flat over A, it will 
suffice to show that the map (g)^ E^Gr{V) is an isomorphism. However, we saw in 

the proof of Proposition 117.1 11 that PrD = P^Dly) = {PrV)E, so H = E^PrV. If we let T be the 
tautological bundle over GrV, it is easy to see that PrT = PrV and so B = E^PrT — Op^d{t)- 
It is also easy to see that D{T) = f*D, so PrD{T) = f*PrD, and so 

B = Op„D(T) = E°GriV) Op^p = E°GriV) B, 
as required. □ 


We conclude this section with a consistency check that will be useful later. 

Definition 20.12. Given a one-dimensional complex vector space L and an arbitrary complex 
vector space V, we define p: PV —» P{L ® V) by p{M) = L ® M. This is evidently a homeo- 
morphism. If V has the form V = Hom(L, W) = L* ®W then we identify L ®V with W in the 
obvious way, and thus obtain a homeomorphism p: P(Hom(L, IP)) —^ PW. All this clearly works 
equivariantly, and fibrewise for vector bundles. 

Proposition 20.13. Let X be a space equipped with two complex vector bundles V and W. Let 
p: PV X be the projection, and let T be the tautological bundle over PV, so we have a bundle 
Hom(T,p*IP) over PV. Then there is a natural homeomorphism 

P{V®W)/PW = pt/Hom(r.p* W) ^ 

Proof. Put U = Hom(T, p*IP)). We will construct a diagram as follows: 


PU- 


■P(p*W) 


PV 


P(C © U) —^ PiT © P*W) >-^ P{p*{V © IP)) P{V © IP) 


First note that the obvious map C —> Hom(T, T) is an isomorphism (because T has dimension 
one), so 

C © [/ = Hom(T, T) © Hom(T, p*W) = Hom(T, T © p* IP). 

Given this, it is clear that we have homeomorphisms p as indicated; this gives the left hand half 
of the diagram, and shows that the cofibre of jq is homeomorphic to that of i\. 

Next, observe that T is a subbundle of p*V so T © p*IP < p*{V © W), so P{T ©p*IP) C 
P(p*{y © IP)) as indicated. There is also an obvious projection P(p*{V © IP)) —> P(V © IP), 
giving the right hand rectangle in the diagram. Note also that P{p*W) = p*PV = PV Xx PW. 

We next consider in more detail the map P{T © p*IP) —> P{V © IP), which we shall call r. 
A point in P{T ®p*IP) consists of a triple {x,L,M), where x € X and L is a one-dimensional 
subspace of 14 and M is a one-dimensional subspace of L ® W4. We have r(x, L, M) = (x, M) G 
P{V © IP). Suppose we start with a point (x, M) G P{V © IP). If M G PWx then it is clear 
that t“^{(x,M)} = PVx X {M}. On the other hand, if M ^ PWx then the image of M under 
the projection 14 © Wx —» Pa; is a one-dimensional subspace L < 14, and the point {x,L,M) is 
the unique preimage of (x, M) under r. This means that the rectangle is a pullback, in which 
the horizontal maps are surjective. Using this, we see that r induces a homeomorphism from the 
cofibre of 4 to that of i 2 - 
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The cofibre of ig is PV^, and the cofibre of i 2 is P{V © W)/PW, so these are homeomorphic 
as claimed. □ 

As a corollary of the above, we have E^{P{V © W), PW) = We can use the 

projective bundle theorem and the Thom isomorphism to calculate both sides in terms of divisors, 
and they are not obviously the same. Nonetheless, there is an isomorphism between them that 
can be constructed by pure algebra, as explained in the following result. 

Proposition 20.14. Let C = spf(i?) be a formal multieurve group over S = spec(A:), equipped 
with two divisors P = spec{R/K) and Q = spec(i?/L). Define an automorphism p of P Xs C by 
p{a, b) = (a, 5 + a) (so p“^(a, b) = (a, b — a)) and let p: P S be the projection. Then there is a 
natural isomorphism 

L{p-\p*Q)) = L/KL = keviOp+Q ^ Oq). 

Moreover, if we have a coordinate x and use it to define a difference function and Thom classes, 
then the above isomorphism sends the Thom class in L{p~^{p*Q)) to the element fg S L/KL. 

Remark 20.15. In the last part of the statement, it is important that we are using the generator 
/q defined as a norm as in Definition 114.31 As explained in Remark 114.41 in the nonequivariant 
case, this is different from the Chern polynomial which is more usually used as a generator. 


Proof. Write Z for the scheme P x 0 and A for the image of the diagonal map P —» P x 5 P. 
Both of these can be regarded as divisors on the multicurve P Xs C over P, and it is clear that 
/9“^(A) = Z, and so p“^(A +p*Q) = Z -\- p~^{p*Q). It is also clear that A < p*P and so 
A +p*(3 < p*(P + Q). There are evident projection maps p*Q —> Q and p*{P + Q) —> P + Q. All 
this fits together into the following diagram. 


P ^{p*Q) 

Y 

^0 


p 


P*Q 

Y 

h 


Q 


^2 


Z + p-Hp*Q)^^A+p*Q> - ^p*{p + Q) - ^P + Q 


The kernel of the ring map Zq is (essentially by definition) the Thom module L{p~^{p*Q)). As p is 
an isomorphism, it induces an isomorphism ker(ij^) ~ ker(iQ). It will thus be enough to show that 
the map ker(i 2 ) ^ ker)*)") is also an isomorphism. To be more explicit, write A = Op = R/K 
and B — Oq = R/L. Let I be the ideal in A R = OpxgC defining the closed subscheme A, so 
/ is generated by the images of elements 1 © a — a © 1 for a G P. The right hand half of the above 
diagram then gives the following diagram of rings and ideals: 


A(g)R fo R 
A(SiL L 



A^R /i R 

I.(A^L) KL 


A®L _^ 

I.(A®L) KL 


The maps fi have the form a 1 —> 1 ©a, and we must show that /2 is an isomorphism. Now choose a 
generator g for the ideal L, giving an isomorphism P ~ P of P-modules. This gives isomorphisms 
{A® L)/L.[A® L) cx (A® R)/L and L/KL cx R/K = A, in terms of which /2 becomes the ring 
map A ^ {A® R)/I given by a 1 -^ (a © 1 + 7) = (1 © a + /). This corresponds to the projection 
A —> P, which is evidently an isomorphism as required. □ 

Remark 20.16. In the context of Proposition 120.13l we can take P = D{V) and Q = Di/W). 
We find that P(Hom(T, = p~^{q*P), and the diagram in the proof of Proposition 120.141 

can be identified with that in the proof of Proposition 120.131 It follows that the isomorphism 
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L{p ^{q*P)) = ker(C>p+Q —> Op) obtained by applying -B°(—) to Proposition 120.131 is the same 
as that given by Proposition 120.141 


21. Duality 

Let D = spf(i?//) be a divisor of degree r on C. In this section we will prove that Hom 5 ( 0 _D, 0$) 
is a free module of rank one over OD^ which means that Op is a Poincare duality algebra over 
Os- More precisely, we will identify Hom 5 ((!lp), Og) with a subquotient of the module of mero- 
morphic differential forms on C. In the case where C is embeddable, the duality is given by a 
kind of residue. It is therefore reasonable to define the residue map in the general case so that 
this continues to hold. 

21.1. Abstract duality. It will be convenient to start by considering a more abstract situation. 
Fix a ground ring fc, and write Hom(M, N) for Homfe(M, N) and M ® N iov M N. Let A be 
a fc-algebra that is a finitely generated projective module of rank r over k, and write 

= Hom(Af, k) = Homfc(M, k) 

N* = Hom^(A, A). 

If M is an A-module, then we make M'^ an A-module by the usual rule {a(f>)(rn) = (j)(am). 

Now Let I be the kernel of the multiplication map p: A 0 A —> A, and let J be the annihilator 
of / in A (gi A, and put B = {A® A)/ J. Assume that I and J are both principal. 

Given a fc-linear map (j): A k, we get an A-linear map 1 (g A (g A —> A, so we can define 

^ = 9oi4>) = (1 (g 4’)\j- J A. 

This construction gives a map Oq-. A^ —» J*. 

Theorem 21.1. The A-modules A'^ and J are both free of rank one (hut without canonical gen¬ 
erator) and the map Oq ■ A'^ —> J* is an A-linear isomorphism. 

The rest of this section constitutes the proof. 

Lemma 21.2. The map 0 q is A-linear, and the adjoint map : J —> A'^* is an isomorphism. 

Proof. First suppose that a G A and (j) G A'^ and u G J; we must show that (1 (g a(j)){u) = 
a{{l^(j)){u)). From the definitions we have {l^a(j)){u) = (lg(}())((lga)u), and (lg(}())((ag l)u) = 
a{{l^(j)){u)), so it will suffice to show that (Iga)u = (aglju. This holds because Iga —agl G I 
and IJ = 0. We now see that 9q is A-linear, which allows us to define the adjoint map 9i: J A^* 
by 9i{u){(j)) = 9o{(j)){u) = (1 g (Oiu). 

Next, as A is fc-projective, we have Ag A = Hom(A^, A). If an element u G Ag A corresponds 
to a map a: A^ A, then (1 g a)u corresponds to the map x aa(x), and (a g l)u corresponds 
to the map x a{ax). It follows that (1 g a — a g l)u = 0 iff a{ax) = aa{x) for all x G A. As I 
is generated by elements of the form Iga — agl, we find that 

AV* _ Homyi(A'^,A) = ann(7,Hom(A^, A)) = ann(/,Ag A) = J. 

One can check that the isomorphism arising from this argument is just 9i. □ 

Remark 21.3. It follows immediately that if A'^ has an inverse as an A-module, then that inverse 
must be J, and 9o must be an isomorphism. 

We now define ? 7 o, ? 7 i: A —> A g A by 

770 (a) = a g 1 
771 (a) = 1 g a. 

We regard A g A as an A-algebra (and thus I, J and B as A-modules) via the map 770 . 

Lemma 21.4. The A-modules I and B are projective, both with rank r — 1. Moreover, J is free 
of rank one as an A-module. 
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Proof. As A is projective over k with rank r, we see that A ( 8 ) A is projective over A with rank 
r. There is a short exact sequence / —> A 0 A A, that is A-linearly split by r/g. It follows 
that / is projective over A, with rank r — 1. As / is principal with annihilator J, we see that 
I 2 :^ {A ^ A)/J = B as A-modules, so B is also projective of rank r — 1. It follows that the short 
exact sequence J—»A( 8 )A—>i3is A-linearly split, and so J is projective of rank one. It is also a 
principal ideal and thus a cyclic module, so it must in fact be free of rank one. □ 

Next, write A* for the t’th exterior power functor, and observe that rji induces a /c-linear map 

A’-iA-^ A( 8 A’'-iA = A^“^(A®A), 

and the projection q: A ® A ^ B induces a map A^“^(A 8 ) A) X'jf^B. We define 

fi: A’'“^A A^“^i? to be the composite of these two maps, so 

1p{ai A • ■ • A Qr-l) = ^(I 8 Oi) Aa • • • Aa ^(l 8 Or-l). 

Lemma 21.5. The map if: A’'“^A —+ A^“^i? is an isomorphism. 

Proof. One can see from the definitions that the image of if generates )ff~^B as an A-module. We 
will start by showing that the image is itself an A-submodule, so if must be surjective. 

First, we show that A’’“^A has a natural structure as an A-module. Indeed, there is an evident 
multiplication p: A 8 A’'“^A —> A’'A, which induces an isomorphism : A’'“^A ~ Hom(A, A’'A). 
The A-module structure on A gives an A-module structure on Hom(A, A’'A) which can thus be 
transported to A’'“^A. More explicitly, there is a unique bilinear operation *: A 8 A’'“^A —> A’’“^A 
such that a A{b*u) = (ab) A u for all a,b € A and u G A’'“^A. 

This in turn gives an A 8 A-module structure on the group A 8 A’'“^A = A^“^(A 8 A), by the 
formula (a 8 &) * (c 8 w) = (ac) 0 (b* u). It follows that 

m(b*u) = r]i{b) *fii{u). 

We next claim that is a quotient A 8 A-module of A^“^(A 8 A), and is annihilated by 

I. Indeed, we certainly have an A-module structure and {A0 A)/I = A so it will suffice to show 
that the map X^~^{q): Xff~^{A 8 A) —» annihilates I * A^“^(A 8 A). To see this, choose an 

element e that generates J (so /e = 0). Using the splittable exact sequence J —» A 8 A B, we 
see that there is a commutative diagram as follows, in which y is an isomorphism. 

A: 4 -^(A 8 A) A: 4 (A 8 A) 

Now for u G X'^^{A 0 A) we have e A (/ * m) = (/e) A u = 0, so X'~^{q){I m) = 0 as required. 

We can now apply the map Y~'^(q) to the equation 771(6 * u) = ? 7 i( 6 ) f]i(u) to see that our 
map if: A’'“^A —> Xff~^B is A-linear. In particular, the image of if is an A-submodule, and thus 
if is surjective as explained previously. 

Next, note that A is a projective fc-module of rank r, so the same is true of A’'“^A. On the 
other hand, B is a projective A-module of rank r — 1, so Xff~^B is a projective A-module of rank 
one, and thus also a projective fc-module of rank r. Thus if is a surjective map between projective 
fc-modules of the same finite rank, so it is necessarily an isomorphism. □ 

Example 21.6. It is illuminating to see how this works out in the case where A = k[x]/f{x), 
where f{x) = 77=0 is a monic polynomial of degree r. We write xq for a; 8 1 and xi for 

1 8 x, so A 8 A = k[xQ, xi]/ (/(xg), f{xi)). Put 

d{xt),Xi) = Xi - Xg 

e(xg, xi) = (/(xi) - /(xg))/(xi - Xg) = ^ a,._i_j_lXgx{. 

i+j<r 
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One checks that / is generated by d and J is generated by e. Put 

Ui = {—iyx° A ... A x* A ... A 

so {mo, ..., Ur-i} is a basis for A over k. If we put v = x^A.. .Ax^~^ G A''A, then x'‘Auj = 6ijV, 
so x\ A fli{uj) = 5ijf}i(v). Using this, we find that 

r—1 

X^iuj) = eAfii{uj) = C^ai-kx’^~'^~")fii{v). 
i—k 

This means that the matrix of the map X^~^A —> X\{A O A) (with respect to the obvious 
bases) is triangular, with ones on the diagonal. The map xV’ is thus an isomorphism, and the 
same is true of Xi so ^ is an isomorphism as expected. 

Proof of Theorem \21.1i First, suppose we have a map (f>: A k. It is well-known that there is a 

unique derivation of the exterior algebra A*A whose effect on A^A is just the map A^A = A 
k = A*^A (this is called interior multiplication by </>). We write C{(l>) for the map i^: X"A —> X’'~^A. 
This construction gives a map f: A'^ Hom(A’'A, X^~^A). If we have a basis for A then we find 
that f sends the obvious basis of A'^ to the obvious basis for Hom(A’’A, A’'“^A) (up to sign), 
so C is an isomorphism. In general, A need only be projective over k but we can still choose a 
basis Zariski-locally on spec(fc) and the argument goes through. It follows that f is always an 
isomorphism. 

Next, as mentioned above, the short exact sequence J —^A®A—^B gives J X^^^B = 
A( 4 (A (g) A) = A (g X^A. As the modules J, X^^^B and A g X^A are all dualisable, we deduce that 

J* = HomA(A g A’'A, X^^^B) 

= Hom(A’'A, X^'^^B) 

= Hom(A’'A, A’-M) 

= A^. 

In particular, we see that A^ is an invertible A-module, so Remark 121.31 tells us that the map 
Oq must be an isomorphism. (In fact, the above chain of identifications implicitly constructs an 
isomorphism 0g: A^ —> J*, and one could presumably check directly that 9q = 9o, but we have 
not done so.) □ 

Definition 21.7. The isomorphism J* = A^ gives = A^^ = A; we let e: J* —> fc be the 
element of J*^ corresponding to 1 G A under this isomorphism. Equivalently, e is the unique map 
such that e{9o{(l))) = e((l g (j))\j) = (j){l) for all (f G A^. 

We will prove later that in cases arising from topology, the map e can be identified with a Gysin 
map. We conclude this section with an algebraic characterisation of e that will be the basis of the 
proof. 

Construction 21.8. Given A G J* and a G A we can define a map m{a g A): J —> A g A by 
e 1 -^ agA(e). This map is A-linear if we use the second copy of A to make AgA into an A-module. 
Thus, this construction gives a map m: A® J* HomA(J, A g A), and as A is projective over 
fc, this is easily seen to be an isomorphism. Under the inverse of this isomorphism, the inclusion 
J —» A g A corresponds to an element u G A ® J*. Lemma 121.111 will give a more concrete 
description of this element. 

Proposition 21.9. The map e: J* —* k is such that (1 g e)(u) = 1 (where u is as constructed 
above). Moreover, e is the unique map with this property. 

The proof will follow after some discussion. 

It is convenient to choose a generator e = Oi g bi for J, and a dual generator rj for J*, so 
r]{e) = 1. We then put tp = 9(f^{r]) G A'^; this is the unique map ip: A k such that (lgV’)(e) = 1. 

Lemma 21.10. We have ip{a) = e{ari) for all a G A. 








54 


N. P. STRICKLAND 


Proof. Using the A-linearity of 9q and the fact that eOQ{(j)) = </)(!), we see that 

e{ar]) = eOo^aip) = iatp){l) = -ipia). 


□ 


Lemma 21.11. The element u in Construction [2T78\ is given hy 

u = e.(l {hrj). 

i 

Proof. The element v := e.(l 0 rj) corresponds to the map i = m{v): J A ® A given by 
*(^) = ® particular, we have i(e) = ® hi = e, so i is the inclusion, so 

V = u. □ 

Proof of Provosition \21.9[ Recall that e is the image of 1 under an isomorphism A ~ A'^'^ ~ J*'^, 
so it certainly generates . It will thus suffice to check that (1 ® {te)){u) = t for all t € A. The 
calculation is as follows: 

(1 (g) (te))(M) = ^ aie{thri) 

i 

i 

= (1 (g) V')((l ® t)e) 

= (1 gi V')((t ® l)e) 

= t.{l (g V')(e) 

= t. 

The first equality is Lemma 121.111 and the second is Lemma 121.101 The fourth equality holds 
because (1 g t)e = (t g l)e, and the last equality is essentially the definition of ip. □ 

21.2. Duality for divisors. Now consider a divisor D = spec(A) on a multicurve C = spf(i?) 
over a scheme S = spec(A:). In this section, we explain and prove the following theorem. 

Theorem 21.12. For any divisor D = s^ec{Oc/I d); there is a natural isomorphism 

Homog(C>D, Os) = {If)^/Oc) ®Oc 

(The right hand side consists of meromorphic differential forms whose polar divisor is less than 
or equal to D, modulo holomorphic differential forms; it is easily seen to be free of rank one over 
Od-) Moreover, if a map (p: On Os corresponds to a meromorphic form pL, then (p{l) = res(/r). 

The proof is postponed to the end of the section. The last part of the theorem is not yet 
meaningful, as we have not defined residues. The definition will be such as to make the claim 
trivial, but we will also check that the definition is compatible with the usual one in the case of 
embeddable multicurves. 

The first step in proving the theorem is to show that the theory in the previous section is 
applicable. 

Definition 21.13. Let X be a scheme over S, with closed subschemes Y and Z. Suppose that 
Ox, Oy and Oz are all finitely generated projective modules over Os- We say that Y and Z are 
perfectly complementary if 

(a) the ideals /y and Iz are principal. 

(b) ann(/y) = Iz and a.im{Iz) = ly- 

Lemma 21.14. If Do and Di are divisors on a multicurve C, then Do and Di are perfectly 
complementary in Dq + Di. 
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Proof. Put Ai = Ooi\ this is a finitely generated projective module over £> 5 , and has the form 
Oc/fi for some regular element e Oc- We also put B = Oc/{fofi) = Odo+Di, so = B/fi. 

Suppose that gfi = 0 (mod /o/i)- Then {g — /i/o)/i = 0 for some h g £>< 7 , but /i is regular, 
so g = hfo = 0 (mod /o). This shows that the annihilator of /i in B is generated by /o, and by 
symmetry, the annihilator of /o is generated by /i, and this proves the lemma. □ 

Corollary 21.15. Let D be a divisor on a multicurve C. Then the diagonal subscheme A C 
D Xs D and the subscheme P 2 D D Xs D are perfectly complementary. 

Proof. Let q: D S he the projection. We can regard A and P 2 D as divisors on the multicurve 
q*C over D, with D Xs D = q*D = A + P 2 D, so the claim follows from the lemma. □ 

Corollary 21.16. Let D be a divisor on a multicurve C, and put J = keT(Ojj 2 Op^d)- Then 
J is a free Op-module of rank one, and there is a natural isomorphism 

Oq: Homcio(J, £>£i)H omos(£>£,,£>s) 

given by eo{(j)) = (1 0 (^)|j. 

Proof. Let I be the kernel of the multiplication map Op 2 — Op, so that £>a = Op 2 /I. 

Note that I is principal, generated by any dilference function on C. We see from Corollary 12 1.1 51 
that J is the annihilator of I, and that J is also principal. We can thus apply Theorem 121.II to 
get the claimed isomorphism. □ 

To proceed further, we need a better understanding of the ideal J. 

Definition 21.17. For the rest of this section, we will use the following notation. 

k 
R 
A 
i ?2 
A 2 
I 
I 
J 
K 
K 2 
J 

We will also choose a difference function d on C (so d G I), and let a denote the image of d 
in n. We choose a generator / of K, and we let e denote the unique element of R 2 such that 
^ ® f — f = de. We will check later that the image of e in A 2 is a generator of J. After that, 
we will write 77 for the dual generator of J*, and if for the corresponding element of A'^. 

Remark 21.18. It is clear that J is the preimage of J in R 2 , so J = Jf K 2 . As I is generated by 
a single regular element, one can check that I fl K 2 = IJ. 

Definition 21.19. We define yo: RI hy yo(a) = l( 8 )a — a®!, and observe that 

Xo{ab) = (a (g) l)xo{b) + (1 (g) b)xo{a). 

Given a difference function d on C, we let f{a) € R 2 denote the unique element such that Xo(a) = 
f{a)d. We again have 

f{ab) = (a ig) 1 )^(&) + (1 (g b)f{a). 


= Os 
= Oc 
= Op 
= R®R 
= A®A 

= ker(i ?2 R) 

= ker(A 2 A) 

= aniiA^ (I) 

= Ip = ker(ii ^ A) 

= K®R + R®K = ker(i ?2 —» A 2 ) 

= {u G R 2 \ ul C K 2 }. 
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Lemma 21.20. There is a unique map v: K 2 —^ such that 

p(a ®b) = ab whenever a € K and b G R 
v{a 0 5) = 0 whenever a G R and b G K. 

Moreover, we have v{K 2 l) = 0. 

Proof. Using a fc-linear splitting of the sequence K R A, we see that {K(SiR) n {R(^K) = 
K®K, so we have 

K 2 _ K®R 
R%K K®K' 

The multiplication map qi: R^R —> R evidently induces a map {K®R)/{K®K) —> K/K^. 
Putting this together, we get a map 

K 2 _ Km ^ 

R®K ~ K®K K^J ' 

It is clear that this is uniquely characterised by the stated properties. As v is essentially given 
by /i on K®R and p{I) = 0, we see that v{I.{K®R)) = 0. We also have v{R®K) = 0 and so 
v{I.{R®K)) = 0 , so v{IK 2 ) = 0 as claimed. □ 

Proposition 21.21. The map f induces a A-linear isomorphism KjK"^ —^J,soJ is freely 
generated over A by the element e = ^(/). (Note however that this isomorphism is not canonical, 
because it depends on the choice of d.) 

Proof. Suppose that a G K, so Xo(o) G K 2 . As I = i? 2 d we see that £,{a)I = i? 2 Xo(a) C K 2 , so 
f{K) C J, so we get an induced map K —> J(K 2 = J. Using the product formula for we deduce 
that this map is i?-linear and induces a map KfK"^ —> J. In the opposite direction, we define 
(: J ^ KlK"^ by ({u) = v{ud). li u G K 2 then ud G IK 2 so i^{ud) = 0. Thus, ( induces a map 
J = J j K 2 KjK^. It is easy to see that = I: KfK'^ KlK"^, and both J and KlK"^ are 
invertible A-modules, so ( and f must be mutually inverse isomorphisms. It follows immediately 
that J is freely generated by e. □ 

Our next task is to reformulate the above isomorphism in a way that is independent of any 
choices. 

Proposition 21.22. Put 

n = = n (S)R A = I <S'R2 a. 

There is a natural isomorphism x- KlK"^ J ®r = J ^ of A-modules, satisfying x(a) = 
^(a) O a, where a is the image of d in fl. By adjunction, there is also a natural isomorphism 

X'-J*-^ {K/K^Y n = [K/KY* ® Re¬ 
proof. We have 

j<s>An = j<s>A{A <E)r 2 I) = {J/K 2 ) I = {ij)/{ik 2 ) = {JrK 2 )/(iK 2 ). 

We have seen that the map x sends K to In K 2 and to I K 2 , so it induces a map x: AT/AT^ — > 
J O, which is obviously canonical. One checks from the definitions that x(o) = ® o, where 

^ and a are defined in terms of a difference function d as above. As f is an isomorphism and O is 
freely generated by a over A, we conclude that x is an isomorphism. □ 

Our next task is to interpret the module (AT/AT^)*. 

Definition 21.23. Let C be a formal multicurve over S. We say that an element / S Oc is 
divisorial if it is not a zero-divisor, and Oc/f is a projective dg-module of finite rank. One can 
check that the set of divisorial elements is closed under multiplication, so we can invert it to get 
a new ring Adc, whose elements we call meromorphic functions. We say that a meromorphic 
function is divisorial if it can be written as f /g, where / and g are divisorial elements of Oc (this 
can be seen to be compatible with the previous definition). A fractional ideal is an C>c-submodule 
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I < Me that can be generated by a divisorial meromorphic function. The set of fractional ideals 
forms a group under multiplication, with = {/ g Me \ fl ^ Oe}- 

Lemma 21.24. There is a natural isomorphism {K/K'^)* = (K~^/R). With respect to this, the 
generator f ofK/K'^ is dual to the generator 1/f of K~^/R. 

Proof. The multiplication map K®rK~^ —> R induces a map [K/K"^) {K~^/R) —> A, and 

thus a map K~^/R {K/K'^)*. This is easily seen to be an isomorphism. The statement about 
generators is clear. □ 

Proof of Theorem \21.1A Everything except the last part now follows immediately from Corol¬ 
lary 121.161 Proposition 121.221 and Lemma 121.241 The residue map will be defined in Defini¬ 
tion [2TT3T1 and then the last part of the theorem will be true by definition. □ 

We can make the theorem more explicit as follows. 

Proposition 21.25. The natural isomorphism 

A'^ ^J* 2<U K-^/R®a ^ 

sends (j) to the element ((1 0 0 )(e)//) 0 a. 

Proof. Using Proposition 121.211 we see that e generates J, so there is a unique element rj G J* 
with rj{e) = 1. The natural isomorphism > J 0.4 U sends / to e ® a, so the adjoint map 

x' ■ J* K~^/R (g> U sends rj to (1//) 0 a, and thus sends arj to (a//) ® a. Next, we certainly 
have 0o((f>) = for some a G A, and by evaluating this equation on e we find that a = (1 0 
It follows that 

x'Oo{(j)) = {a/f) (g) a = ((1 O </))(e)//) O a 

as claimed. □ 

We next examine how this works in the case where C is embeddable, say C = spf(fc[a;]^g^) for 
some monic polynomial g. We then have K = Rf for some monic polynomial / that divides some 
power of g, and A = R/K = k[x\/f. 

Definition 21.26. Suppose we have a ring k and an expression a = /(a;)da; = p{x)dx/q{x), 
where p and q are polynomials with q monic; we then define the residue res(a) as follows. Let R' 
denote the ring of series of the form u{x) = J2n=-oc <^nx" for some finite N. Clearly k[x] C R'. 
Moreover, if q(x) is a monic polynomial then we can write q{x) = x^riXjx') for some polynomial 
r(t) with r(0) = 1. It follows that riXjx') is invertible in R!, and thus the same is true of q{x), so 
we can expand out f{x) = p(x)/q{x) as an element of R', say f{x) = '^n=-oo We then put 

res(a) = a_i. 

Remark 21.27. In the case fc = C, one can check that res(a) is the sum of the residues of a 
at all its poles, so the integral of a around any sufficiently large circle is 27r7res(a). By standard 
arguments, most formulae that hold when k = <C will be valid for all k. In particular, we have 

• res{f{x)dx) = 0 if / is a polynomial 

• res(/'(a;)da;) = 0 for any / = p/q as above 

• res{f'{x)dx/f{x)) = deg(p) — deg(( 3 ') it f = p/q for some monic polynomials p and q. 
Lemma 21.28. Suppose that f{x) =p(x)/q(x) where q is monic of degree n, and 

n — 1 

p{x) = E biX^ (mod q{x)). 

i=0 


Then Tes{f{x)dx) = bn-i. 
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Proof. First, put m{x) = sop(a;) = m{x)+l{x)q{x) for some polynomial l{x), so f{x) = 

m{x)/q{x)+l{x). We have res(/(a:)da;) = 0, so it will suffice to show that res(TO(a:)/q(a;)da:) = 6 „_i. 

Next, write q{x) = x^r{l/x) as in the definition, and put u{x) = l/r(l/a;), so u{x) = 
Xfco for some coefficients Oi G k with gq = 1. We have 


x^/q{x) = x^ ^u{x) 


so 


res(x'^dx/9(a;)) 


The claim follows immediately. 


= Y,a,x^-^-\ 

i>0 

if 0 < j < n — 1 
if j = n — 1. 


□ 


Proposition 21.29. If A = k[x]/f{x), then the map 

[K-^/R) o r -^k 

is just the residue. 

Proof. As in example 121.61 we put 

r 

/(^) = 

i=0 

d(a;o,a;i) = Xi - xo 
a = dx £ It 


e{xo,xi) = {f{xi) - f{xo))/{xi - Xo) = ^ ar-i-j-iXox{. 

i+j<r 

This is of course compatible with the notation in Proposition l2 1.251 so x'(^o{4’) = (l®< 5 ^>)(e)dx//(a;). 
The map e is characterised by the fact that e(0o(</')) = so it will suffice to check that 

res((l (8) (j>){e)dx/f {x)) = (/>(1) for all (j) € A'^. 

Now let {Co, ■ • •, Cr-i} be the basis for A'' dual to the basis {a;°,..., x'"~^} for A. We then have 
(l0Cj)(x^) = Sjk, and it follows that 

r-l-j 

(l®0)(e) = y ] Or-i-j-lX . 
i=0 

Using Lemma [21.281 we deduce that res((l 0 fj)(e)dx/f(x)) = 0 for j > 0, whereas for j = 0 we 
get oo, which is 1 because the polynomial f{x) = J2i+j=r monic. On the other hand, we 

also have Cj(l) = ^oj by definition, so res((l 0 (jj){e)dx/f{x)) = Cj(l) as required. □ 

Given this, it would be reasonable to define residues on multicurves using the maps e. To make 
this work properly, we need to check that these maps are compatible for different divisors. 


Proposition 21.30. Suppose we have divisors Dq C Di, corresponding to ideals Ki < Kq < R. 
Let j: Kq^/R —> /R be the evident inclusion, and let q: Ai = R/Ki R/Kq = Aq he the 

projection. Define Si'. Af —^kby 6i{(j)) = C'(l)- Then the following diagram commutes: 

k K^^/R 0 n 

Y Y 

j 

k Af Kf^/R 0 n 

01 X So 


Proof. As g(l) = 1, it is clear that the left hand square commutes. For the right hand square, 
choose generators fi for Ki and put a = fifi), so that 

x'Soif)) = ((1 ® 4>){ei)/fi) 0 a 


for (j) £ Af. 
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As Dq C Di, we have fi = gfo for some g, and so ^(/i) = (5 0 l)C(/o) + (1 ® fo)i{g), or in 
other words ei = (5 ® l)eo + (1 0 fo)^{g)- 

Now suppose we have (p £ Aq , so {q*(j)){fo) = 0, so (1 ® g*</>)((! ® fo)^{g)) = 0. We then have 

x'0oq*iP) = ((1 ® q*P){ei)/fi) ® a 
= (5(l®<ii’)(eo))/(ff/o)<8>a 
= (l( 8 >(/))(eo)//o< 8 )o 

= jx'0oi(l>) 

as claimed. □ 

Definition 21.31. Define <5: Homog(0 _d, 0s) ^ Os by S{cj)) = We let res: Me ®Oc ^ 

Os be the unique map whose restriction to ®Oc D is the composite 

Id^ '^Oc ^ (U^/ ^c) '8>Oc ^ — Homog (Od, Os) -L Os- 

(This is well-defined, by ProDOsition l21.301 and compatible with the classical definition, by Propo¬ 
sition [5X211) 

Proposition 21.32. For any g,f€ Oc, if f is divisorial than 

res((g//)d/) = trace(Oc//)/Og ( 5 ). 

In particular, we have res((l//)d/) = dimcig(0c//)- Moreover, we also have 

Proof. Both facts are well-known for residues in the classical sense, so they hold whenever C is 
embeddable. Using Corollary 1 15. 31 we deduce that they hold for a general multicurve C. We will 
give a more direct and illuminating proof for the first fact; we have not been able to find one for 
the second fact. 

We use abbreviated notation as before, with K = Rf so that A = R/f. The multiplication 
map fi: A 2 A restricts to give an A-linear map /r: J —» A, or in other words an element of J*. 
The trace map t: A k can be regarded as an element of . We claim that the elements r, p 
and (d/)// correspond to each other under our standard isomorphisms 

csj* ~ (K-^/R) ® n. 

To see this, note that (1 ® t){u) = tTa,ceA 2 /A{u) for all u £ A 2 . Using the splittable short exact 
sequence 

I^A2^A, 

we see that 

(1 ® t){u) = trace(/ I) + p{u). 

If M £ J then multiplication by u is zero on I and we deduce that (1 0 t){u) = p{u). This shows 
that 00 (t) = p as claimed. 

Next, let e = ^(/) be the standard generator of J, and let g be the dual generator of J*, so 
77 (e) = 1. Using Proposition 121.251 we see that p corresponds to the element {p{e)/f ) (g) a = 
(1//) (g) {p{e)a) in {K~^/R) (g) D. Now, the module ft = I/P is originally a module over R 2 that 
happens to be annihilated by ker(/i) = J, and so is regarded as a module over R via p. Thus, 
p{e)a is just the same as ea. Moreover, a is just the image of d in 12, so ea is the image of 
ed = ^{f)d = l(g)/ — / (g)!, and this image is by definition just d/. Thus, p £ J* corresponds to 
(1//) (g d/ as claimed. 

As the isomorphism A* {K~^/R) g 12 is ^-linear, we see that gr maps to {g/f)df, so 

res((g//)d/) = (gT)(l) = T{g), 


as claimed. 


□ 
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Remark 21.33. It is useful and interesting to reconcile this result with [52] Proposition 9.2], 
There we have a p-divisible formal group C = spf(i?) of height n over a formal scheme S = spf(fc), 
where /c is a complete local Noetherian ring of residue characteristic p, and we will assume for 
simplicity that k is torsion-free. Fix m > 1 and let "0: C —> C be p™ times the identity map. In 
this context the subgroup scheme D := C[p^] = ker(^) is a divisor of degree p"'", so the ring Od 
is self-dual (with a twist) as before. Given any coordinate x, we note that Od = so the 

meromorphic form a = D(x)/is a generator of the twisting module /R) ® 12. We claim 
that a is actually independent of x. Indeed, any other coordinate x' has the form x' = (x -\- x^q)u 
for some u G and q G R. It follows that do(x') = itdo(x), so that D(x') = uD(x). We 
also have ip*{x') = uip*{x) (mod '0*(x)^), and it follows that i/!*(x')“^ = (mod i?), 

so D(x')/'i/;*(x') = D(x)/i/’*(x) mod holomorphic forms, as claimed. Thus, we have a canonical 
generator for /R) ® 12 and thus a canonical generator for , giving a Frobenius form on 

Od- The cited proposition says that this is the same as the Frobenius form coming from a transfer 
construction. As discussed in the preamble to that proposition, p™ times the transfer form is the 
same as the trace form. In view of Proposition 121.321 this means that p^a = d{ij}*x)/{ip*x). In 
fact, this is easy to see directly. We know that D(x) generates 12 and agrees with d(x) at zero, so 
d(x) = (1 + xr)D(x) for some function r G R. It follows that 

d{ip*x) = ip*{d{x)) = (1 + ip*{x)ip*{r))ip*{'D{x)). 

AsD(x) is invariant we have'0*D(x) =p"*D(x). It follows that d(i/>*x)/('0*x) = p^'D{x)/{ip*x) = 
p^a in {K~^/R) ® 12, as claimed. 

Remark 21.34. It should be possible to connect our treatment of residues with that of Tate [T5] . 
However, Tate assumes that the ground ring fc is a field, and it seems technically awkward to 
remove this hypothesis. 

21.3. Topological duality. Consider a periodically orientable theory A, an A-space A, and an 
equivariant complex bundle V over X. To avoid some minor technicalities, we will assume that 
A is a finite A-CW complex; everything can be generalised to the infinite case by passage to 
(co)limits. Let C be the multicurve spi{E^{PU x A)) over S := spec(£'°A). We then have a 
divisor D = D{V) on C, to which we can apply all the machinery in the previous section. In 
particular, this gives us a residue map 

res: {1^jOc) ®Oc ^ ^ ^s- 

On the other hand, if we let r denote the tangent bundle along the fibres of PV, then there is a 
stable Pontrjagin-Thom collapse map A+ —+ PV~'^, giving a Gysin map 

pi: E°PV-^ E°X = Os. 

Theorem 21.35. There is a natural isomorphism E^PV~'^ = {Ijp^/Oc) 'S'Oc which identifies 
the Gysin map with the residue map. 

This is an equivariant generalisation of a result stated by Quillen in |18j . Even in the nonequiv- 
ariant case, we believe that there is no published proof. The rest of this section constitutes the 
proof of our generalisation. (The case of nonequivariant ordinary cohomology is easy, and is a 
special case of the result proved in [6].) 

We retain our previous notation for rings, and write P^V = PV Xx PV, so 

k = Os = E°X 
R= Oc = E°{PU X X) 

A=Od= E°{PV) 
i?2 = R^R = E°{PU xPUxX) 

A 2 = A® A = E°{P^V). 

Next, observe that P 2 V is a subspace of P^V, and Proposition 120.101 tells us that E^P 2 V = 
Op^D = A 2 /J, so J = E°{P^V, P 2 V). On the other hand, there is another natural description 
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of {P^V, P 2 V), which we now discuss. Let T be the tautological bundle on PV, consider the 
vector bundles = V QT and U = Hom(r, T^), and let B°U denote the open unit ball bundle 
in U. A point in B°U is a triple {x,L,a) where x € X and L S PVx and a: L 14 © L, 
such that ||a(u)|| < |jM|| for all u € L \ {0}. We can thus consider graph(a) and graph(—a) as 
one-dimensional subspaces of L x (14 0 L) = 14, or in other words points of P14, so we have a 
map (5': B°U —> given by 

S'{x,L,a) = (graph(a), graph(—a)). 

Proposition 21.36. The map 5' is a diffeomorphism B°U —» P^V \ P 2 V. 

Proof. First, we must show that 6'{x, L, a) ^ P 2 P, or in other words that graph(Q;) is not perpen¬ 
dicular to graph(—a). For this, we choose a nonzero element u G L, so vq = u + a(u) G graph(a) 
and vi = u — a{u) G graph(—a). It follows that (uo,ui) = ||mP — ||a(M)p; this is strictly pos¬ 
itive because ||a|| < 1, so the lines are not orthogonal, as required. We therefore have a map 
4: B°U P2P\P2P. 

Any element of P^P \ P 2 P has the form {x, Mq, Mi) where x G X and Mq, Mi G PVx and Mq 
is not orthogonal to Mi. This means that we can choose elements Ui G Mi with |jMi|| = 1 and 
such that t := ( uq , ui) is a positive real number. One checks that the pair (uq, ui) is unique up to 
the diagonal action of S^. Put v = uq + ui and w = uq — ui. By Cauchy-Schwartz we have t < 1, 
and by direct expansion we have 

{v, w) = 0 

{v,v) =2{l + t)>0 
(ui, w) = 2(1 — t)< {v, v). 

We can thus put L = Cv G PVx and define a: L —> by a{zv) = zw, these are clearly 
independent of the choice of pair (uo,ui). As ||ui|| < ||u|| we have ||a|| <1. As u -I- a{v) = 2uo 
we have graph(a) = Mg, and as w — a{v) = 2ui we have graph(—a) = Mi. It follows that the 
construction {x, Mg, Mi) 1 -^ {x, L, a) gives a well-defined map f: P^V\P 2 V —> B°U, with 6'( = 1. 
One can check directly that fS' is also the identity, so S' is a diffeomorphism as claimed. □ 

Corollary 21.37. The bundle U is the normal bundle to the diagonal embedding 5: PV —> P^V, 
there is a homeomorphism P^V/P 2 V = PV^, and the quotient map P^V —*■ P^P/P 2 P can be 
thought of as the Pontrjagin-Thom collapse associated to S. □ 

Remark 21.38. There are easier proofs of this corollary if one is willing to be less symmetrical. 
Now, the above corollary together with Proposition 121.221 and Section [3] gives 
E°PV^ = E°{P^V, P2P) = J = K/K^ (E)a n* = KIK"^ ©a, 

On the other hand, we have 

U = Hom(r, T^) = Hom(T,p*P) 0 C, 
so (using the case IF = P of Proposition 120.131) 

PV^ = s-2pp^Hom(T.p*y) ^ 0 V)IPV 

Remark [ 5.121 tells us that P°(S'“^) = and it is clear that E^{P{V 0 P),PP) = KfK'^. We 
thus obtain 

E^PV^ = KIK^ ©fe 

again. These two arguments apparently give two different isomorphisms E'^PV^ KfK'^ ^ 

but one can show (using Remark 120.161) that they are actually the same. 

We next recall some ideas about Gy sin maps. We discuss the situation for manifolds, and 
leave it to the reader to check that everything works fibrewise for bundles of manifolds, at least 
in sufficient generality for the arguments below. Let /: M —^ A^ be an analytic map between 
compact complex manifolds. (It is possible to work with much less rigid data, but we shall not 
need to do so.) Let tm and rjv be the tangent bundles of M and N, and let u/ be the virtual 
bundle /*r/v — tm over M. Then for any virtual bundle U over X, a well-known variant of the 
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Pontrjagin-Thom construction gives a stable map T{f,U): and thus a map 

/, = T{f,Uy: E°N^. Using the ring map f*: E°N E°M we regard the 

source and target of T{f, U)* as if°A^-modules, and we find that T{f, U)* is U^iV-linear. We also 
find that T{f, U)* can be obtained from T{f, 0)* by tensoring over E^N with E'^N^. Finally, we 
have a composition formula: given maps M ^ N P, we have I'gj = Vf + f*^g and 

T(/, Vg) o T{g, 0) = T{gf, 0):P^-. 

Now consider the maps M M, where tt is the constant map from M to a point. 

We have us = tm and Ut^ = —tm, so the transitivity formula says that the composite 






is the identity. Assuming a Kiinneth isomorphism, we get maps 

E^M ^ E°M ® E°M, 


whose composite is again the identity. 

Now specialise to the case M = PV. As before we put A = E^PV and identify E^M'^ with J, 
and the map = T((5, 0)*: E^M'^ E^{M'^) with the inclusion J A® A. We know that the 

map 

5, = T{S, Pix^)*: A = E°M -> E°M 0 = A®J* 

is obtained from r((5, 0)* by tensoring over A® A with A 0 J*. It follows easily that <51(1) = 
u € A^ J*, where u is as in Construction 121.81 The equation (1 (gi 7r!)<5! = 1 now tells us that 
(1 (g 7r!)(it) = 1. Proposition 121.91 now tells us that tti = e: J* —<■ fc. This proves Theorem 121.351 


22. Further theory of infinite Grassmannians 

Recall from Section m that GU denotes the space of finite-dimensional subspaces of U, which 
is the natural equivariant generalization of the space GC°“ = Ud>o BU{d). We know from The¬ 
orem [TnH] that EqGU is the symmetric algebra over Eq generated by EqPU = O'q. It follows 
that 

spec(ifoGG) = Map(G, A^) 

spf(£;°GdG) = Div+(G). spf(F;°GG) = Div+(G). 

In this section, we obtain similar results for spaces analogous to Z x BU, BU and BSU. 

Definition 22.1. For any finite-dimensional A-universe U, we put 2U = U (B U. We write U+ 
for 17 © 0 and U- for 0 © 17 so 217 = 17+ + 17_. We put 

2 diin((7) 

G(17) = G(217) = H Gd{2U); 

d—0 

a point X G G(17) should be thought of as a representative of the virtual vector space X — U-. 
We embed G{U) in G(17) by AT i-^ 77 © 17 = 77+ + U-. We define dim: G{U) —<• Z by dim(77) = 
dim(77) — dim(17), and Gd{U) = {77 | dim(77) = d}. Given an isometric embedding j: U —> U, 
we define j*: G(17) —> G(U) by j*(77) = (j © j)(77) + W-, where W = V Q j{U). There 
is an evident map a: G{U) x G(17) —> G{U © V) sending (77, U) to X (BY; one checks that 
dim(77 © U) = dim(77) + dim(y) and that the map a is compatible in an obvious sense with the 
maps j*. 

If U is an infinite A-universe, we define 217 = 17 ® 17 as before, and put G(17) = lim G{U), 

_ — "U 

where U runs over finite-dimensional subspaces. Equivalently, G(17) is the space of subuniverses 
V < 217 such that the space V n 17_ has finite codimension in V and also has finite codimension in 
17-. This is a natural analogue of the space Z x BU. 
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Proposition 22.2. For any B < A we have 

{Guf = n G{U[I3]) =Me.p{B*,Y[BU{d)) 

P&B* d 

{GUf = G{U[I3]) = Map(B*,Z X BU) 

f3eB- 

where 

U[(3\ = {u I b.u = eKp(2TTiP{b))u for all b G B} 

is the (3-isotypical part oflA. In each case, the first equivalence is A/B-equivariant, but the second 
is not. 

Proof. For the first isomorphism, just note that U splits A-equivariantly as and a sub¬ 

space V < U is i3-invariant iff it is the direct sum of its intersections with the subspaces U\(3]. 
This gives an A/_B-equivariant isomorphism [GU)^ = H/? G{U[l3\), and it is clear that G{U[l3\) is 

nonequivariantly a copy of \[,iBU{d) so (GU)^ = Map{B* ,Y[^ BU{d)). The argment for (GU)^ 
is essentially the same. □ 

We next write R'^A = N[A*] = ^^(GU) for the additive semigroup of honest representations 
of A, and RA = Z[A*] = ttqIGU) for the additive group of virtual representations. It is clear 
that the semigroup ring Eq[R'^A\ is a polynomial algebra over Eq with one generator Ua for each 
character a, and the group ring Eq[RA\ is the Laurent series ring with the same generators. In 
other words, we have 

Eq[r+a] =f;oK I a g a*] 

Eo[RA] = I a G A*] = Eo[R+A][v-^] 

where v = Ua. Note that 

spec(ifo[i?''’^]) = Map(A*, A^) 
spec(Ao[i?A]) = Map(A*,Gm), 


and the isomorphisms R'^ A = ttqGU and RA = tt^GU give maps Eo[R'^A] 
Eo[RA] EoGU. 

Now let 4> be the obvious isomorphism 


EqGU and 


C[A] ®U = C[A] 0 C[A]°° C[A]°° = U, 

and define (j)': GdA —> by = (j){<C[A\ © X). 

Proposition 22.3. The space GU is the telescope of the self-map </>' ofGU. We thus have 

EoGU = v-^EoGU = Eo[RA] ®Eo[r+a] EqGU, 
and so spec(i?oGG) = Map(G, Gm). 

Proof. Put W = C[A][ 2 ;, 2 “^], and identify this with 2U by sending (efc,0) to and (0, Cfc) to 


z ^ The standard embedding GU GU now sends X to X ®U. 


^GU on the nose, and that the inclusion z ^GU 


It is easy to check that 
~^~^GU is isomorphic to the 


GU = lim z-'= 

- *k 

map (j)'. The first claim follows, and the second claim is just the obvious consequence in homology. 
The tensor product description of EqGU gives us a pullback square 


spec (Go GG) 


■ spec(i?oGG) = Map(G, A^) 


Map(A*,Gm) = spec(ifo[i?A])-^ spec(i?o[i?+A]) = Map(A*,A^). 
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As C is a formal neighbourhood of the image of (j), we see that a map C ^ lands in Gm if and 
only if the composite A* x S C ^ A^ lands in Given this, we see that the pullback is just 
Map(C, Gm) as required. □ 

We next introduce the analogue of BU. 

Proposition 22.4. There is a natural splitting GU = Z x GqU, and we have spec(AoGoZ//) = 
Mapo(G, Gm) (the scheme of maps f: C Gm with /(O) = 1). 

Proof. We have already described an equivariant map dim: GU —> Z, and defined GqU — ker(dim). 
We also have (GU)^ = Map(A*,Z x BU) so ttq (GU) = Map(A*,Z) = RA, which gives an 
equivariant map i: RA —» GU (where RA has trivial action). The composite dim o i: RA —> Z is 
just the usual augmentation map e sending a virtual representation to its dimension. Thus, if we 
let 77 : Z —> RA be the unit map, then 7077 is a section of dim. As GU is a commutative equivariant 
i/-space, we can define a map (5: GU GqU by x ( 7 (? 7 (dim(x))) — x), and we find that the 
resulting map (dim, (5): GU Z x GqU is an equivalence. This is easily seen to be parallel to the 
splitting Map(G, Gm) = Gm x MapQ(G, Gm) given by / 1 -^ (/(O); /(O)//), which gives the claimed 
description of spec(AoGG). □ 

Remark 22.5. There are two other possible analogues of BU. Firstly, one could take the colimit 
of the spaces GdU using the maps V ®G] the scheme associated to the corresponding space 
is then MapQ(G, A^), which classifies maps / : G —> with /(O) = 1. Alternatively, one could 
take the colimit of the spaces Gd\A\U using the maps V 1 -^ V (B C[A]. This gives the scheme of 

maps f:G—^ Gm for which OaeA* /('5^('^)) = 1- However, the space GqU described above is the 
one that occurs in Greenlees’s definition of the spectrum kUA, and is also the one whose Thom 
spectrum is MU a. 

We next introduce the analogue of BSU. For this, we need an analogue of the map B det: BU —> 
CP°°. 

Definition 22.6. Given a universe U of finite dimension d, we put FU = Hom(A'^17_, A'^(2[/)). 
We make this a functor as follows. Given an isometric embedding j: U V, we put W = V QjU 
and e = dim(kF). As j: U —> jU is an isomorphism and A®iF is one-dimensional, we have an 
evident isomorphism 

FU = Hom(A‘^jC/_ G X^W-,X^{2jU) ® A®W_). 

The isomorphism V = jU (B W gives an isomorphism X^jU- G X^W = X^^’^V and an embedding 
X^{2jU) G A®kF_ —7 A'^+®(2G). Putting this together gives the required map j* : FU —> FV. 

There are also obvious maps F{U)GF{V) —> F{U ©P), compatible with the above functorality. 
This gives maps PF{U) x PF{V) PF{U © V) of the associated projective spaces. 

Next, recall that a point of GqU is a d-dimensional subspace X < 2U. We define 

det(A) = Hom(A'^C/_, A'^A) e PFU. 

One can check that this gives a natural map det: Go —> PF, with det(A © F) = det(A) © det(F). 

Finally, for our complete universe U we put FU = lim FU, where U runs over the finite- 

—>u 

dimensional subuniverses. It is easy to check that this is again a complete A-universe, and thus 
is unnaturally isomorphic to U. The maps det pass to the colimit to give an iJ-map det: GqG ^ 
PFU ~ PU. We write SGqU for the pullback of the projection S{FU) PFU along the map 
det, or equivalently the space of pairs (V,m) where V G GqU and u is a unit vector in the one¬ 
dimensional space det(V). As S{FU) is equivariantly contractible, this is just the homotopy fibre 
of det. 

Proposition 22.7. There is a natural splitting GqU = SGqU x PU (which does not respect the 
H-space structure). 
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Proof. It is enough to give a section of the H-ma.p det: GqU PU. We can include PU = GiU 
in GiU C GU in the usual way, then use the projection GU —*■ GqU from Proposition 122.41 We 
find that the resulting composite PU —> PU is actually minus the identity, but we can precompose 
by minus the identity to get the required section. □ 

Remark 22.8. Cartier duality identifies spec{EoPU) with Hom(C', Gm), and the proposition 
suggests that spec{EoSGQU) should be the quotient Mapo(C', Gm)/Hom(C', Gm)- However, there 
are difficulties in interpreting this quotient, and it is in fact more useful to take a slightly different 
approach as in We will not give details here. 

Next, recall that Greenlees has defined an equivariant analogue of connective itl-theory (denoted 
by kUA) by the homotopy pullback square 

kUA - ^EiEA+,kU) 


KUa -^ F{EA+,KU). 

If u S ■K 2 kU is the Bott element then kU[v~^] = KU and kU/v = H. It is not hard to see that 
there is a corresponding element in jT^kllA with kUA[v~^] = KUa and kUA/v = E{EA+, H). 

Proposition 22.9. The zeroth, second and fourth spaces ofkUA are GU, GqU and SGqU respec¬ 
tively. 

Proof. We take it as well-known that the zeroth space of KUa is GU, and KUa is two-periodic so 
this is also the 2fc’th space for all k. Let Xk denote the 2fc’th space of kUA, so we have a homotopy 
pullback square 

Xk -^ E{EA+,BU{2k)) 


GU^F{EA+,ZxBU) 

(where BU{0) is interpreted as Z x BU). In the case k = 0, the map i is the identity and so 
Xq = GU. In the case fc = 1, the map i is just the inclusion 

E{EA+,BU) Z X E{EA+,BU) = E{EA+,1 x BU) 

and the map j sends GkU into {k} x F{EA+, BU). It follows easily that Xi = GqU. In the case 
fc = 2, we note that the cofibration EfkUA kUA F{EA+, H) gives a fibration X 2 —^Xi—^ 
F{EA+, K{Z,2)). We know that Xi = GqU and Proposition 14.61 that F{EA+,K{Z,2)) = PU. 
One can check that the resulting map GqU —> PU is just ±det, and so X 2 = SGqU as claimed. □ 


23. Transfers and the Burnside ring 


There is a well-known relationship between transfers, the Burnside ring, and equivariant stable 
homotopy. In this section we will show how this relationship is encoded in the theory of equivariant 
formal groups. 

Let G = r2(yl) be the Burnside ring of A, which is the group completion of the monoid of 
isomorphism classes of finite A-sets. Additively this is freely generated over Z by the elements 
[A/B] for subgroups B < A, with the product rule 


[A/B].[A/B'] 


A 


[A/Bn 5']. 


There is a well-known isomorphism H —*■ ttq , sending [A/B] to tr;^(I). 

Now let E be an B-equivariant evenly periodic ring spectrum, with associated equivariant 
formal group (C, (f>) over the scheme S = spec(Bo). The unit map rj : Sg — > E gives us a ring map 
G —> Os = Eq. We will show that this map is determined by the EFG structure. 
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23.1. The functions Vn- Let C be a formal multicurve group over a scheme S, and let x be a 
coordinate on C. (Later we will show that our constructions are independent of x, but we have 
not been able to make this visible from the outset.) It will be convenient to write x„(a) = x(na). 

Lemma 23.1. There is a unique function / : C xg C ^ such that 

x{a + b) = x(a) + x(b) + x(a)x(b)f(a, b) 

for all {a,b) G C Xs C. 

Proof. From the axioms for formal multicurves, we see that Oq = Os © Oq-x. After tensoring 
this decomposition with itself, we see that and function p on C x g (7 can be written uniquely in 
the form 

p{a, b) = q + x{a)r{b) + s(a)x(b) + f{a, b)x{a)x{b), 

for some q € Os and some functions r, s and /. If p{a, 0) = p(0, b) = 0 then it follows that q, r and 
s vanish, so p(a, b) = f{a, b)x{a)x{b). We apply this to the function p(a, b) = x(a + b) — x{a) — x{b) 
to prove the lemma. □ 

We can apply the lemma inductively to understand Xn(a). For any finite set I of integers we put 
yi(a) — write min„(/) for the smallest element of I, with the convention 

min„(0) = n. 

Lemma 23.2. x„ = min„(J)xl^l“''^j/ 7 , where I runs over subsets of {1,2,... ,n — 1}. 

Proof. Induction, using the identity Xn+i = x + x„ + xx„j/„ = x + (1 + xyn)Xn. □ 


Definition 23.3. We put 


so that 

We also write Vn,k{a) 


Vn = y^ min(/)x'^'j/7 
I 

Wn = y^ min(/)xl^l“^y7, 
/^0 


Xn = X Vn = nX + X^Wn- 

Vn{ka) and Wn,k{a) = w„(fca) and ypk{a) = yi{ka). 


Lemma 23.4. Vnm — '^n'^m.n — • 

Proof. By evaluating the identity x{ma) = x(a)vm(a) at a = nb, we get x„m = XnVm.n = xVnVm.n- 
On the other hand, we have Xnm = xVnm and x is not a zero divisor so Vnm = VnVm,n- The other 
identity follows symmetrically. □ 


Corollary 23.5. vf = nu„ (mod x„). 

Proof. We have vf — nVn = XWnVn = WnXn- Q 


We can push the lemma one step further, as follows. 

Lemma 23.6. vfwm.n - v'^Wn.m = nWm - mWn = VnWm - VmWn 
Proof. We have 

Xnm — nXm © X.,^Wn,m. 

= nmx + nx'^Wm + x'^v'^Wn.m 


By exchanging the roles of n and m, we also have 

Xnm = nmx + mX^Wn + x'^v‘^Wm,n- 
Subtracting these expressions gives 

X^{nWm - mWn + v‘^Wn,m “ V^Wm.n) = 0. 
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As X is not a zero-divisor in Oq, it follows that 

VnWm,n “ v‘^Wn,m = UWm - mWn- 
Now write Vn = n + xwn and Vm = m + xwm to see that 

nWm - mWn = VnWm “ VmWn- 


□ 


Lemma 23.7. Suppose that n and m are coprime. Then Vn = Vn,m (mod Xn)- 


Proof. Put 
Note that 


Sn,m — ymy^n,m '^n- 


V„,m -Vn = {n + XmWn,m) “ (« + XW^) = XmWn,m “ XW„ = x{VmWn,m “ = X Sn,m- 

On the other hand, a simple rearrangement of Lemma 123.61 tells us that VmSn,m = VnSm,m so 

^n,m — 

Put I = {t € Oc I t Sn,m G (a;„)}. As x Sn,m = Vn,m — Vn, it will sufRce to show that X G I. 

As n and m are coprime, an element a G C has a = 0 iff no = ma = 0. This means that the 
vanishing locus of x is the intersection of the vanishing loci of and Xm, or in other words that 
(x) = (xn) + {Xm). Visibly £ I, so it will suffice to show that Xm £ I- This follows from the 
identity Xm Sn,m = XnSm.n- □ 

Corollary 23.8. If n and m are coprime then Vnm = Vn,mVm,n (mod Xnm)- 

Proof. Lemma [23.41 tells us that Vnm = VnVm,n, so it will suffice to show that {vn — Vn,m)vm,n is 
divisible by the element Xnm = XnVm,n, or to show that — Vn,m. is divisible by x„. This is just 
Lemma 123.71 □ 


Proposition 23.9. Let x' be another coordinate on C, and let v!^ be the unique function such 
that x'n{a) = x'{na) = x'(a)Vn(a) for all a. Then v^(a) = Vn(a) whenever na = 0. 

Proof. Both X and x' generate the ideal of functions that vanish on the zero section, so we must 
have X = px' and x' = qx for some functions p and q. This implies that (1 — pq)x = 0 but x is 
regular, so pq = 1. Now 

Vn(a)x'(a) = x'(na) = q(na)x(na) = q(na)vn(a)x(a) = q{na)p{a)v„{a)x' (a), 

and x' is regular so v^(a) = q(na)p(a)vn(a) for all a. If na = 0 this gives Vn(a) = q(0)p(a)vn(a). 
Moreover, we have p(a} = p(0) (mod x(a)) and x(a)vn(a) = x(na) = 0 so p(a)vn(a) = p{0)vn{a). 
We also have q{0)p{0) = 1 so Vn{a) = n„(a) as claimed. □ 

Given any coordinate x we could apply the above to the coordinate x'(a) = x(—a). For that 
case, however, some additional things can be said, as we now explain. 

Proposition 23.10. If na = 0 then n_„(a) = —Vn{—a). 

Proof. Take m = —1 □ 


23.2. Transfer elements. 


Definition 23.11. Let 17 be a finite abelian group, and let 17 x 5 —> C be a map of group 
schemes over S. We write I{U) or I{(j)) or I{U,(j)) for the ideal in Os generated by the elements 
x{(j)(u)) for M £ 17, so spec(0s/J(17)) is the largest closed subscheme of S over which </> vanishes. 

Theorem 23.12. There is a unique way to define elements t{U) = t(U,4') £ C>S with properties 
as follows. 

(a) //(/) = 0 then t(U, 0) = |17|; in particular, 1(0, 0) = 1. 

(b) IfU = Uo®Ui then t{U) = t{Uo)t{Ui). 

(c) If U is cyclic of order n, generated by a, then t(U) = v„(^(a)). 

(d) If X: U' ^ U is an isomorphism then tlJJ', 4>X) = tlJJ, 4>). 

(e) mm = 0. 
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(f) SupposethatV < U, and that (p is the induced map U/V defined over spec{Os/I{V)). 

Then t(U,(j)) = t{y,(p)t(U/V^f). (Note that (e) makes the right hand side well-defined.) 

(g) IfV,W <U thent(y)t{W) = \v nw\tiv + W). 

The proof will be given at the end of this section, after some preliminary results. Note that the 
elements u„(0(a)) in clause (c) are independent of the coordinate, by Proposition 123.91 

It is clear that there is at most one way to satisfy (a) to (d); the problem is that this gives 
a well-defined answer which also has properties (e) to (g). The next definition makes this more 
formal. 

Definition 23.13. A presentation of a subgroup t/ is a set P of nonzero elements of U such that 
the resulting map ord(a) ^ C/ is an isomorphism. Given a presentation P, we put 

t{P) = t{P,(j)) = Uord(a) (</>(«))• 

a^P 

We say that U is canonical if t{P) is independent of P; if so, we write t{U) instead of t{P). 
Lemma 23.14. For any presentation P of U we have t{P)I{U) = 0. 

Proof. Suppose that a £ P has order n, and put a = 4){a). Then v„{a) is a factor in <(P) 
and x{a)vn{a) = x{na) = x(0) = 0, so x{a)t{P) = 0. These elements x{a) generate I{U), so 
t{P)I{U) =0. □ 

Lemma 23.15. If U is cyclic of order n and a is a generator, then t({a}) is independent of a. 
(We can thus write ti{U) for t{{a}).) 

Proof. If (3 is another generator then (3 = ma for some m that is coprime to n. If a = pia) then 
t({a}) = Vn{a) and t{{(3}) = Vn,m{a), but these are the same by Lemma [23.71 □ 

Lemma 23.16. IfU is cyclic and U = 01=1 ^^6*^ ^i(^) = 

Proof. By induction we can reduce to the case r = 2. Put n = \Ui\ and m = \U 2 \. As U is cyclic, 
these must be coprime. Choose a generator a for U and put a = p{a). Note that ma generates 
Ui and na generates U 2 , so ti(Pi) = Vn,m,{a) and ^ 1 (^ 2 ) = Vm,n{o), whereas tifU) = Vnm(o)- The 
claim now follows from Corollarv l23.8l □ 

Corollary 23.17. Cyclic groups are canonical. 

Proof. Let U be cyclic, and let P = {oi,... ,ar} be a presentation, and let Ui be the subgroup 
generated by at. Directly from the definitions we see that t{P) — ti{Ui), but the lemma tells 
us that this is the same as ti{U) and thus is independent of P. □ 

Lemma 23.18. Suppose that U = I\pU{p), where U{p) is a p-group, and that each U(p) is 
canonical. Then U is canonical, with t{U) = np^(^(p))- 

Proof. Let P = {oi,..., aj.} be a presentation of U. Let Ui be the cyclic subgroup generated by 
Oi, and put Ui = \Ui\ and ti = t{Ui) = Vnfipiai)). Clearly t{P) = Y\iti, so it will suffice to prove 
that this is equal to Ylpt{u{p)). 

Now let Ui{p) be the p-torsion part of Ui. Put = \Ui{p)\ and choose an element (3i^p 
generating Ufip). Put tip = t{Ui{p)) = Vm^^iPiPip). If we fix i then the elements fiip give a 
presentation of U{i), so Op^Lp — t{Ui) = ti, so Hip^Lp = other hand, if we 

fix p then the elements fiip present U{p), so Hi = t{U{p)), so Hip^hp = np^(^(p))- Thus 
n* P = Op t{U(p)) as required. □ 

Lemma 23.19. Elementary abelian p-groups are canonical. 

Proof. Suppose U = {Z/p)‘^. The element ^({ 01 ,... ,ad}) is clearly unchanged by permuting the 
elements ai, and Lemma 123.151 tells us that it is also unchanged if we replace each ai by miOi 
for some mi £ ifLIp)^. Next, we claim that a,b £ C and pa = pb — 0 then Vp{a 3- b)vp{b) = 
Vp{a)vp{b). Indeed, we have x{b)vp{b) = Xp{b) = 0, so it will suffice to show that Vp{a-\-b) = Vp[a) 
(mod x{b)). This is clear because the vanishing locus of x is the zero section. It now follows 
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that t({ai,..., ad}) is unchanged by substitutions of the form ofi i—> + aj with j ^ i. These 
substitutions, together with permutations and diagonal matrices, generate GLdCZ/p), and the 
claim follows. □ 

Lemma 23.20. If U is an abelian p-group then U is canonical. Moreover, if we put V = {a & 
U \pa = 0}, then t{U, (f>) = t{V, 4>)t{UjV, (f>). 

Proof. By induction on the exponent (starting with Lemma I23.19I1 . we may assume that V and 
U/V are canonical. We therefore have well-defined elements t{V,(j)) G Os and t{U/V,(j)) G 
Os/I{V,(t>), with t(y,(j))I(y,4>) = O by Lemma [23T41 This means that there is a well-defined 
product ti = t{V, (j))t{U/V, (p) G Os- It will suffice to show that t{P) = ti for any presentation 
P = {ai,..., ad} of U. To see this, let the order of ai be p^', so > 0. We will assume for sim¬ 
plicity that in fact r^ > 1 for all i; only minor notational adjustments are needed for the remaining 
cases. Put Pi = p'"'~^ai, so that {Pi,... ,Pd} is a presentation of V. Let ai be the image of ai in 
U/V, so {ai,... ,ad} is a presentation for U/V. Put Oi = (/{a/) G C. Now t{P) is the product 
of the terms Vp^i{ai), whereas t{U/V,(p) is the product of the terms VpVi-i{ai), and t{V,(j)) is the 
product of the terms Vp(jf'~^ai). Lemma [23.41 tells us that Upvt^ap = VpVi-i{ai)vp{p'"'~^ai), so 
t{P) = t{U/V, 4>)t{V, p) as required. □ 

Corollary 23.21. All finite abelian groups are canonical. 

Proof. This is immediate from Lemmas 123.201 and 123.181 □ 

Definition 23.22. Let 17 be a finite abelian group, and let C be a subgroup. We say that the 
pair {U, V) is good if for all C and p as above, we have t{U, p) = t{V, p)t{U/V, p). 

Remark 23.23. From now on we will just write t{U) for t{U, p) and so on, and not mention 
explicitly the quotient rings in which these elements lie. 

Lemma 23.24. {U) If W < V < U andthe pairs {V,W) and {U,W) and {U/W,V/W) are 

good then so is (U,V). 

(b) If the pairs {Ui, Vp are good then so is (0^ Ui, 0^ Vp. 

(c) If the pairs {U{p), V(p)) are all good (where U{p) = {a & U \ p^a = 0 for N ^ 0}) then 
so is {U,V). 

Proof. For (a), we can use the goodness of {U, W), {U/W, V/W) and {V, W) in turn to see that 

t{u) = t{w)t{u/w) = t{w)t{y/w)t{u/v) = t{v)t{u/v). 

Part (b) is clear, and part (c) is a special case. □ 

Lemma 23.25. If\V\ =p then {U,V) is good. 

Proof. We can use Lemma [23.24r cl to reduce to the case where t/ is a p-group. If U is cyclic, the 
claim then follows from Lemma 123.201 

If U is not cyclic, let the exponent of U be p“, and choose a cyclic summand W < 17 of order 
p“. If 17 < IF then we choose a complementary group X with U = IF 0 77, note that the pairs 
(IF, V) and (77,0) are good, and apply Lemma 123.24f bl to these pairs. 

Suppose instead that V ^ IF, so F © IF <17. Note that all groups mentioned are modules over 
the ring R = "L/p^. Now R ~ Hom(i?, Q/Z), so R is self-injective, so IF is an injective i?-module. 
This means that the projection tt: F © IF ^ IF can be extended to give a map tt: U ^ W. If 
we put X — ker(7r) we see that 17 = IF © 77 with F < 77. The pair (77, F) can be assumed to be 
good by induction on the order, and the pair (IF, 0) is good, so the pair (17, F) = (IF, 0) © (77, F) 
is good. □ 

Corollary 23.26. All pairs (17, F) are good. 

Proof. We can use Lemma I23.24f cl to reduce to the case where 17 is a p-group. We then argue 
by induction on the order of F, starting with Lemma (23.251 Choose a subgroup IF < F of order 
p. The pairs (17, IF) and (F, IF) are good by the lemma, and (17/IF, F/IF) is good by induction. 
Part (a) of Lemma 123.241 therefore tells us that (17, F) is good. □ 
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Proposition 23.27. IfV,W<U then t{V)t{W) = |y n W\t{V + W). 

Proof. Put X = V n W. We have t{V) = t{y/X)t{X) and t{W) = t{W / X)t(X) and t{X)'^ = 
\X\t{X) so t{V)t(W) = \X\t{V/X)t{W/X)t{X) = \X\t(y/X)t{W). Now V/X can be identified 
with {V+W)jW and t{{V+W)/W)t{W) = t{V+W), so t{V)t{W) = \X\t(y+W) as claimed. □ 

Proof of Theorem \23.1‘A Part (a) follows from the definitions if we remember that u„(0) = n. 
Parts (b) to (d) are built in to the definition of t. Part (e) follows from Lemma 123.141 and 
parts (f) and (g) are Corollarv l23.26l and Proposition 123.271 □ 

We now change notation, and consider an A-equivariant formal group (C, (p), so (f>: A* x S ^ C. 

Definition 23.28. We define a map 

n{A) = 1{[A/B] \ B<A}^Os 

by vi[^/B]) = t{a\m{B),4>). 

Proposition 23.29. r] is a ring map. 

Proof. For every point in (A/B) x (A/C), the isotropy group is BnC. This means that in fl we have 
[A/B].[A/C] = n[A/{B n C)], where n is characterised by the fact that |A/i3|.|A/C'| = n\A/{B n 
C)\. Now put V = ann(B) = (A/B)*, so \V\ = \A/B\. Similarly, put W = ann(C') = (A/C)*, so 
\W\ = |^/C|. We see that ann(i3nC) =V + W and \V + W\ = \A/(Br\C)\, so n is defined by the 
equation |P||VF| = n\V + W\, so n = |P fl W\. We have ri([A/B]) = t(V) and ri{[A/C]) = t(W) 
and 

r]i[A/B] [A/C]) = nr]([A/(B n C)]) = |P n W\t(V + W). 

The claim now follows from Proposition 123.271 □ 

23.3. Comparison with topology. Now consider the case where C arises from an evenly ori- 
entable 7l-equivariant ring spectrum E. We then have a map rj: f2(A) —> Os = Eq as above, and 
also a topologically defined map ry': il.{A) = ir^iS) Eq, given by t]'{[A/B]) = tr^(l). 

Proposition 23.30. We have r]([A/B]) = tr;^(l), so rj = rj'. 

We will do the most basic case as a separate lemma, and then do the general case. 

Lemma 23.31. If a G A* has order m and B = ker(a) then (1) = Vn^ipia)). 

This was originally proved by Quillen but we will give an argument here for convenience. 

Proof. First, we need to deal with a sign issue. Recall that any coordinate x gives a natural system 
of Thom classes uy for all bundles V. We also have another coordinate x(a) = x{—a), and we 
write uv for the Thom class defined using x instead of x. 

Now let T be the tautological bundle over PU^ and let PU"^ be the corresponding Thom space. 
Restriction to the zero section sends ut to x and ut to x. 

Define Oq: PU^ PU^^ by 9o(L,x) = (L,a;®™). We claim that 0q(ut^) = VmUT- (where Vm 
is defined by Xm = VmX as previously). Indeed, we know that E^(PU'^) is freely generated over 
E'^PU by UT, so certainly 9q{ut^) = fur for some /. Next, note that 9 is the identity on the zero 
section, and that restriction to the zero section converts Thom classes to Euler classes, and that the 
Euler class of T™ is just Xm- We deduce that Xm = fx, so f = Vm as claimed. We now restrict to 
the point Lq, G PU, noting that L®"* ~ Lq and that the restriction Oq = E^PU E'^PLa = Os 
is just evaluation at (j)(a). This gives us a map 9q-. 8^“ —> with 9q{z) = z™ and 9q(ulo) = 

Vm{4'(ct))uL^. In this context it is meaningful to define 9: by 9(z) = (z™ — 1 )/to; this 

is equivariantly homotopic to 9q and so also satisfies 9*{uto) — Xm(4>(o‘))uLc- 

We next need to relate this to the transfer. Recall that a G A* = Hom(A, Q/Z); we define 
a'(a) = exp(27r*Q;(a)) so that a': A ^ . Let q: A ^ A/B be the projection. We have an 

equivariant embedding jo: A/B La given by jo(q(a)) = a'(a). To construct the transfer, we 
need an equivariant embedding j: A/B x La ^ La with j(q(a), z) cx jo(q(a)) + z = a'(a) + z to 
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first order in z. There is a unique such j up to isotopy, so we can choose any j that is convenient 
for our purposes. We will define a diffeomorphism 

C ^ {z S C I |z| < 1/m} 

by i{z) = z/(l + m|z|), and then define j by 

= a'(a)(l + mi(z/a'(a)))^/’". 

(Here we note that 1 + mi{z/a'{a)) lies in the right half plane, and we implicitly use the prin¬ 
cipal branch of the m’th root giving an answer whose argument lies in (—7r/(2m), 7r/(2m)); the 
injectivity of j follows easily.) 

Now define 5: A/B x ^ Lq by S{q{a), z) = zla'{a). We then have a diagram as shown on 
the left below: 

A/B X - 1 {A/B)+ a 

s e e s Co 

.. Y Y 

Lo - ^^^ -7- ^PU'^. 

* i'~l Co 

One can check directly that the left hand square is a pullback, the horizontal maps are open 
inclusions, and the vertical maps are proper. We can thus apply the Pontrjagin-Thom construction 
to the horizontal maps, and one-point compactification to the vertical maps, to give a commutative 
square, which is the left-hand half of the right-hand diagram. Now let e: A/B —> 1 be the 
projection, and let Co and Ca be the evident inclusions, to give the remaining square. We claim that 
this commutes up to equivariant homotopy. To see this, note that is a complete universe for the 
group A/B, so SiU^) is connected, and it contains S{Lo) and S{La). Choose a path A: [0,1] ^ 
SiU^) with A(0) S S{Lo) and A(l) S S{La). Define A-equivariant maps tt* : {A/B)j,.f\S^°‘ PU^ 
by 

Trt{q{a) A z) = (C.a.A(t), za'{a)~^a.X{t)) = a.{C.X{t), za'{a)~^X{t)). 

We find that eo = and ei = Ca(e A 1), so these maps are homotopic as claimed. 

We now chase the Thom class ut G E^{PU'^) around the diagram. We have {C,oi')*UT = 
Qut = ULo so 

{C,ov9)*{ut) = 0*{ulo) = 

On the other hand, we have = uLc- Moreover, j' is 151.0 smashed with the transfer map 

5° ^ (A/i?)+, so ((e A l)j')*(^Lo) = ti'B(l)llLo- Putting this together we find that tr^{l)uL^ = 
Vm{4>{c())uLaJ but is freely generated over by ul^ so tr^(l) = Um((/(a)) as claimed. 

□ 

Proof of Provosition \23.3V[ Write A/B as a product of cyclic groups. Each cyclic factor can 
itself be regarded as a quotient of A, so we get a decomposition A/B = ^ow 

[A/H] = ^(y1 ), and both j] and rj' are ring maps, so it will suffice to prove that 

r][A/Bi] = ri'[A/Bi]. This is clear from Lemma [23.311 □ 

23.4. Mackey structure. We now want to take this further, by constructing a Mackey functor. 

Construction 23.32. Put k = Os for convenience. Given a subgroup B < A, put ks = 
k/1{ann{B), (j)), so that the subscheme = spec(fcB) is the largest closed subscheme of S over 
which (/>: A* X S ^ C factors through B*. We will also write C[B\ = C xg so we have an 
induced map — > C[B], and thus a ring map r]B ■ Xl{B) kB- 

If C < B then ann(C') > ann(il) so /(ann(C'), (/) > /(ann(il), (/), so we have a quotient map 
kB —> kc- We write res^ for this map, and note that the kernel is /(ann(C')/ ann(il), 4>b)- 

Next, note that the element = riB{[B/C]) = t(ann(C')/ann(i?), (/s) annihilates the ideal 
/(ann((7)/ ann(il), 4>b), so multiplication by Tq induces a well-defined map tr^ : kc —> kB- 

As the third ingredient for a Mackey functor we need to specify conjugation maps 'ja- kB ^ kB 
for all o G A. (Here the target is morally kB', where B' is conjugate to B by a, but of course 
B' = B because A is abelian.) We take all the maps 7 q to be the identity. 
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Proposition 23.33. The above definitions make the system into Mackey functor. 

Proof. The axioms to be checked are as follows. 

(a) res^ = 1 and res^ = res£ res^ whenever D < C < B < A. 

(b) tr^ = 1 and tr|^ = tr^ tr£ whenever D < C < B < A. 

(c) li C, D < B < A then 

resptr£(r) = |B/((7 + Z3)| tr^p^, res^n£)(r). 

(In (c) we have silently made the obvious simplifications to the double coset formula arising from 
the commutativity of A. We have also not bothered to list the compatibility conditions between 
the conjugation maps ■ja and the other structure; these hold for trivial reasons, given that 7 ^ = 1 .) 

Here axiom (a) follows directly from the definitions, and axiom (b) is a translation of Theo¬ 
rem j^SIUKf)- Similarly, axiom (c) can be derived from part (g) of Theorem 123.121 □ 

Remark 23.34. Recall that a Green ring is a Mackey functor R with a ring structure on each 
group R{B) such that the restriction maps res^: R{B) R{C) and the conjugation maps ja are 
ring maps, and the Frobenius reciprocity formula holds: for C < i? and r G R{B) and s G R{C) 
we have trp(resp(r)s) = rtrp(s). The Mackey functor {fcs} clearly has these properties. 
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